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Abstract. We construct some classes of dynamical r-matrices over a nonabelian base, and 
quantize some of them by constructing dynamical (pseudo)twists in the sense of Xu. This 
way, we obtain quantizations of r-matrices obtained in earlier work of the second author with 
Schiffmann and Varchenko. A part of our construction may be viewed as a generalization 
of the Donin-Mudrov nonabelian fusion construction. We apply these results to the con- 
struction of equivariant star-products on Poisson homogeneous spaces, which include some 
homogeneous spaces introduced by De Concini. 



Introduction 

In this paper, we construct generalizations of some classes of classical dynamical r-matrices 
with nonabelian base, and quantizations of some of them. This way, we obtain quantizations of 
dynamical r-matrices introduced in [EVl, ES2]. We then apply these results to obtain explicit, 
equivariant star-products on some homogeneous spaces. In particular, we obtain quantizations 
of Poisson homogeneous spaces, introduced by De Concini. 

The classes of r-matrices we consider are the following (a), (d) (all Lie algebras are 
assumed to be finite dimensional). 

(a) Let = I © u be a Lie algebra with a nondegenerate splitting (see Section 1). Then the 

natural map u O u ^ [ can be "inverted" and yields a solution r^(A) e ( (g) ® 5 (l)[l/I?o]) ' 
of the classical dynamical Yang-Baxter equation (CDYBE) 

CYB(rf(A)) - Ah(drf(A)) = 0. 

rf{X) is a rational function in A, homogeneous of degree —1, and is a generalization of the 
rational classical dynamical r-matrices of [EVl]. 
r^(A) also plays a role in "composing" r-matrices: 

Proposition 0.1. (see [EVl], Theorem 3.14 and [FGP], Proposition 1.) Let I C g be an 

inclusion of Lie algebras. Assume that I has a nondegenerate splitting 1 ~ t Q) m. Given 
Z G A'^(g)^, let us say that a {I, g, Z)-r-matrix is an {-invariant function p : [* — > A^(g), 
solution ofCYB{p{\)) - Alt(dp(A)) = Z. Set 

a{\) ■.= r[{\)+p\,.{\). 

Then p ^ a is a map {(g, [, Z) -r-matrices} —>■ {(g, t, Z) -r-matrices}. 

Here by a function 1* A^(g), we understand an element of A^(g) ® S' ([)[l/A], where A is 
a suitable nonzero element of S'{1). We set CYB(p) := [p^-'^,p^-^] -\- [p^-'^ , p'^-^] + [p^^^ , p'^'^], and 
d{x ® y ® zi ■ ■ ■ zi) := '}2\=i x ®y ® Zi® zi ■ ■ ■ Zi ■ ■ ■ zi. If ^ G Q®^ is antisymmetric in two tensor 
factors, we set Alt(^ ® /) = (^ -|- ^2,3,1 ^ ^3,1,2) ^ j 

Proposition 0.1 enables us to construct new r-matrices from known ones. 
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(b) Let (g = [©u, t e 5*^ (0)8) be a quadratic Lie algebra with a nondegenerate splitting (we 
do not assume t to be nondegenerate). We may apply Proposition 0.1 to p := the Alekseev- 
Meinrenken r-matrix of Q ([AMI]), (1, 6, m) := {q, l,u), and obtain: 

Corollary 0.2. (see also [FGP].) Let cgC, and\G I*, set 

Pe(A) = rf (A) + c(/(c ad(A^)) ® id){t). 

Then we have CYB(pc) - Alt(dpc) = -tt^c^^, where Z = [t^''^,t'^'^]. 

Here we set A^ = (A id)(t) and f{x) = —1/x + 7rcotan(7ra;). 

(c) Let (g,i G 5*^(0)^) be a quadratic Lie algebra, equipped with a G Aut(g,f). We assume 
that CT — id is invertible on fl/fl'^. We set I := g"^, u := lm{a — id), so g = I (B u, t = t[ + t^, 
if G 5^(j:) for 3: = [,u. The following result can be found in [AM2] (see also [S] and [ES2], 
Theorem Al). 

Proposition 0.3. Set 

g27ricad(A'') q cr + id 

p<,,e(A) := (c/(cad(A^)) ® id)(ii) + mc{-^—j^^;^y——^ id)(iu). 
Here we set A^ = (A (8) id)(i[) for A G 1*. Then pa c is a solution of CY'Q{p„ c) — Alt(dpcr c) = 

Note that if x : ^ — > C is a character, then is central in [, and if g = [ © u is nondegenerate 
and iu is nondegenerate, then Pexp(ad(xV))(A) coincides with pc(A — x); with pc as in Corollary 
0.2. 

If now I has a nondegenerate splitting I = fi©m, then Proposition 0.1 implies that r"( + (po-,c)|{* 
is a (6,0, — 47r^c^Z)-r-matrix. 

(d) Let g = [ © u be a Lie algebra with a splitting. Assume that t G S'^(g)s decomposes as 
i[ + iu, with tj G 5'^(j:) for y = (, u. Let us say that C G End(u) is a Cayley endomorphism if it 
satisfies the following axioms: C is a [-module endomorphism, and for any a;, y G u, we have 

[C{x), C(y)]u = C{[C{x)M + C{[x, C(y)]u) - [x, y]„. 

Here for a; G g, we denote by its projection on u parallel to [. If a is as in (3), then 
C = C{a) := (cr + id)/(c7 — id) is a Cayley endomorphism. (Such Cayley endomorphisms 
are exactly those which do not contain ±1 in their spectrum.) More generally, a limit of 
C(exp(ad(x))), where some eigenvalues of x tend to ±00, is a Cayley endomorphism. 

Proposition 0.4. Assume that (C(8iid-|-id(8>C)(iu) = (when C = C{a), this condition means 
that a preserves 1^). Set 

/ ,./ X . / C + itan(7rcad(A^)) .,\. ^ 

Pc.c(A) := (c/(cad(AV)) 0xd)(tO +».c( ^ ^ 0.d)(i.). 

Then pc,c is a {I, g, —w'^c'^ Z)-r-matrix. 

We define quantizations of solutions of the (modified) CDYBE as solutions of suitable 
(pseudo)twist equations (Sections 1.4, 3, and also [EE], equation 9). We construct quanti- 
zations for the above r-matrices in the following cases. 

(a') Rational r-matrices. We construct quantizations J^ of the rational r-matrices introduced 
above in the particular case when g is polarized, i.e., u decomposes as a sum of t-submodules 
u+ © u_, such that u± are Lie subalgcbras of g (Corollary 2.6). We do so by working out 
a nonabelian generalization of the fusion construction of [EV2] (whose ideas originate from 
[Fad, AF]). Recently J. Donin and A. Mudrov [DM] (see also [AL]) extended this construction 
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to the case when f) is replaced with a Levi subalgebra I C g; their work rchcs on Jantzen's 
computation of the Shapovalov form for induced modules. To generalize their result, we work 
directly in (microlocalizations of) universal enveloping algebras. 

(b') Wo quantize the rational-trigonometric r-matriccs of Corollary 0.2 in the following situa- 
tion: Q is polarized, and t G S^{g)^ decomposes as t( + s + s'^'^, where t( G 5^(1) and s € U-|-(8)U_ 
(Theorem 3.2). Our argument is based on nonabelian versions of the ABRR identities (see 
[ABRR, EVl, ES2]), which are satisfied by ,1^ when g is polarized and quadratic, and the use 
of Drinfeld associators ([Dr2]). When I = g, our construction coincides with the quantization 
of the Alekseev-Meinrenken r-matrix ([EE]), which is based on renormalizing an associator. 

(c') We quantize the r-matrix p„,c defined in Proposition 0.3 (Theorem 4.6). We also quantize 

the r-matrix (pct,c)|{» + ^1 under the assumption that I = t (B m+ ffi m_ is quadratic polarized 
(Proposition 4.10). For this, we introduce a compatible differential system, generalizing the 
Knizhnik-Zamolodchikov (KZ) system, and we adapt Drinfeld's proof that the KZ associator 
satisfies the pentagon equations ([Dr2]). 

In Section 4.7, we explain why the quantizations obtained in (b'), (c') may be interpreted in 
terms of infinite-dimensional ABRR equations for extended (twisted) loop algebras. 

In Section 6, we apply these rcsvdts to the construction of equivariant star-products on 
Poisson homogeneous spaces. In particular, we quantize Poisson homogeneous spaces introduced 
by Do Concini. 

Remark 0.5. An earlier version of this paper is available at www-math.mit.edu/~etingof/ ee.tex; 
this version is less general but uses a somewhat more intuitive representation theoretic language. 

Acknowledgments. The authors thank J. Donin and A. Mudrov for references. P.E. is 
grateful to C. De Concini for a very useful discussion on Poisson homogeneous spaces related 
to automorphisms, which was crucial for writing Section 6 of this paper. P.E. is indebted to 
IRMA (Strasbourg) for hospitality. The work of P.E. was partially supported by the NSF grant 
DMS-9988796. 



4 



BENJAMIN ENRIQUEZ AND PAVEL ETINGOF 



1. Rational classical dynamical t-matrices 

In this section, we introduce the notion of a (nondcgencratc) Lie algebra with a splitting 
= [ © u. We associate to each such nondegenerate Lie algebra a rational r-matrix rf . We 
show that in the case of a double inclusion 6 C I C of Lie algebras, r[ plays a role in a 
restriction theorem for r-matrices. We introduce the notions of polarized Lie algebras and of 
quantizations of the rational r-matrices . As rf is singular at A = G I*, the latter notion 
involves a microlocalization o{U{l) (in the sense of [Spr]). 

Notation. If A is a Hopf algebra, we use Sweedler's notation: A(a;) = '^x^^^ <S) x^^h If 
X € A, we write x^^) := 1 (g) x (g) 1 • • • G A®", and if x = ^ ^'1 S we set a;^'^ := 

Ei 1 < ® a;^ ^ 1 • • • e A®", a;3>2i := Xli^)^^^ ® «)^^^ ®x[®l---& A®", etc. 

1.1. A family of classical dynamical r-matrices. Let g be a finite dimensional Lie algebra. 
Assume that we have a decomposition g = [® u, where u is an [-invariant complement of ( in 
that is, [I, u] C u. Such a triple (g, I, u) is called a "Lie algebra with a splitting". 

Wo have a linear map [* A^(u)*, taking A G I* to w(A) : x/\y ^ A([a;, y]). The triple (g, [, u) 
is called nondegenerate if for a generic A G [*, a;(A) is nondegenerate. The algebraic translation 
of this condition is the following: identify A^(u)* with a subspace of End(u) using any linear 
isomorphism u :^ u*, then the map A dct(jj(A) does not vanish identically. This map is a 
degree d := dim(u) polynomial on [*, i.e., an element of S"^((). If (g, I, u) is nondegenerate, then 
d is even. 

If E is an even dimensional vector space, denote by A^{E) 

nondog the spacc of nondegenerate 
tensors of A^{E). Then we have a bijection A^(i?*)nondeg — > A^(i?)nondeg) ^ taking a 
tensor w to its image under the inverse of the linear isomorphism E* ^ E induced by w. 

Proposition 1.1. (see [FGP], Proposition 1 and [Xu], Theorem 2.3.) Let (g, [, u) he a nonde- 
generate Lie algebra with a splitting. Then we have a rational map 

rf:i*^U^ a2(u), 

defined by rf (A) := — a;(A)~^. It is homogeneous of total degree —1 in A. Here U C I* is the 

{-invariant open subset {A| deta;(A) 7^ 0} C I*. 

Then rf is {-invariant, and is a solution of the CDYBE, i.e., CYB(rf) + Alt(drf) = 0. 

Proof Set Dq := detw(A) G S'^{{). Then rf = J^iUi^Vi^ii belongs to a2(u) (g) S' ([)[l/Do], 
and is uniquely determined by the equivalent conditions 

\/x,y G u, ^^h{x,Ui)h{vi,y)£i = -h{x,y) (equality in S' {{)[!/ Dq]) 

i 

or 

Va; G g, ''^h{x,Ui)ii ®Vi = -l^x^ (equality in S'{{)[l/Do] (g) u). (1) 

i 

Here we denote by Xu,xi the components of a; G g in u, I, and by : g x g ^ ( the map 
{x,y) ^ [x,y]i. 

We define a bilinear map (-,-) : {q'^^ (g) S ■{{)[!/ Dq]) x g®^ ^ S' {{)[!/ Dq] by (a (g 6 (g c (g 
£,x ® y ® z) := h{x, a)h{y, b)h{z, c)i. This pairing is left-nondegenerate, so we will prove that 
the pairing of CYB(rf ) - Alt(drf ) with x (g y ^; G g®^ is zero. 

We have ([(rf (rf a: (g y (g z) h{[yu, z^], x), therefore (CYB(rf ), a; g) y (g z) = 
[[2/uj -^u], +c.p. = [h{y,z),xi] +c.p.; the last equality follows from the Jacobi identity and 
the [-invariance of u. 
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On the other hand, differentiating (1), and pairing the resulting identity with z^y, we get 
^ h{x, Ui)h{vi, y)h{e, z)ll + ^[/i(a;, m), zi]lih{vi,y) = 0. (2) 

i i 

Here we set d{£i) = ^ e ® f|. 

We have {drf ,x ^ y ^ z) = — ^ h{x, Ui)h{y, Vi)h{z, e)£f, so by (2) this is equal to 

y^Jih{vi,y)[h{x,Ui), zi]. 

i 

Now (1) implies that this is equal to [h{x, yu)-Zi]. Finally, {A\t{drf),x®y^z) = [h{x, yu),zi] + 
c. p. = [h{x, y), Z(] + c. p., where the last equality follows from [-invariance of u and the Jacobi 
identity. Finally, we get (CYB(rf ) - Alt(drf ), a; (g) y ig) z) = 0, as wanted. □ 

Remark 1.2. The nondcgcncracy condition means that for a generic A G [*, the tangent space 
T\{0\) of the coadjoint orbit of A contains u*; this means that a generic element of q* is 
conjugate to an element of I* . 

Remark 1.3. Dq satisfies ad(a)(Do) = xo(a)-Do, where xo : I — * C is the character of [ defined 
by Xo(a) = tr(ad(a)u), so Dq is [-equivariant. 

1.2. Composition of r-matrices. Let us prove Proposition 0.1. 

Let us first prove that the restriction is well-defined. The singular locus {A G [*|A(A) = 

0} is [-invariant, so it cannot contain {*; therefore A|5. is nonzero, and G A'^ {q)(^S' / A^^.] 
is well-defined. Both r{ and are t-invariant, hence so is a. 

Let us write rj(A) as J2i Ui{X) <Si e', where Ui{X) G u i8) S'{l)[l/Do\, and show that 

ad*(wi(A))(A) = -Si. (3) 

This equality means that for any a; G u, we have A([a;, 'Uj(A)])e' = —x, i.e., if Ui{X) = 
'n,]^"'' ® fi,j{^)^ that j -^([■^! (A) (g) = —l^x. Taking into account the identification 
of the function A ^ \{x) with x G 5^ (I), (3) now follows from (1). 
We now show that if / G ( (g) ® S-{[)[l/A])\ then 

(d/)|r -d(/|e.) = -h,i(A)^'^+rM(A)2^3^(/|,.)''']. (4) 
The l.h.s., evaluated at A G T, is equal to Yl,i 3T|t=0'^('^ + fe')^'^(e*)3, where (e,;), (e') arc dual 

bases of u* and u. According to (3), this l.h.s. is equal to - 3T|t=o/(^'^(^*"''^')('^))^'^(^')^ 
which by invariance of / is the r.h.s. of (4). 
Then we get 

CYB((t) - Alt(dc7) = (CYB(rt,[) - Alt(drt,[)) 

+ (CYB(p) - Alt(dpitO) + (CYB(r(,t,p) - Alt((dp)|t. -d(p|t.)))- 

(Here CYB(o, 6) is the bilinear form derived from the quadratic form CYB.) In this equality, 
the first term is zero by Proposition 1.1, the second term is equal to Z, and the last term is 
zero by (4). □ 

Remark 1.4. In the case where g = [ © u is a nondcgcncratc Lie algebra with a splitting, 
Z = and p = ri^g, then a = rt^g. In the polarized case, a quantum analogue of this statement 
is Proposition 2.15. 
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1.3. Polarized Lie algebras. We say that the Lie algebra with a splitting {g, [, u) is polarized 
if we are given a decomposition u = u+ ©u_ of u as a sum of two [-submodules, such that u+ and 
u_ are Lie subalgebras of q. We denote by p± the "parabohc" Lie subalgebras pj- = l©u± C fl. 

Assume that (g, (, u) is nondegenerate and polarized; then dim(u+) = dim(u_). In that case, 
A rf (A) takes its values in ((u+ (g) u_) © (u_ u+)) n a'^{u). Therefore rf = r' - (r')^'\ 
where r' e u+ u_ (g) S'{l)[l/Do]. We will call r' the "half r-matrix" of (g, l,u+,u_). 

1.4. Quantization. Let {g, l,u) be a nondegenerate Lie algebra with a splitting. Let D c U{i) 

be a degree < d element with symbol Dq. Define U as the microlocalization of U{V), obtained 
by inverting D ([Spr]). U{t) embeds into U, and U is independent on the choice of D up to 
isomorphism. {/ is a complete filtered algebra, with associated graded 5'([)[l/£>o]- 

Here is a description of U. An element of U is represented by a series X^jgz where 
tti € U{1) vanish for — i large enough, and the sequence deg(oi) — id tends to — oo as z ^ oo. Two 
such series are equivalent if they differ by a sum Xi, where Xi has the form Xlfe=p(i) Oik{i)D~^ 
Y!k=p(i) afc(i)-D«W-'= = (equality in [/([)) and max^^^^^.^ (deg afc(i) - kd) ^ -oo as i ^ oo. 
The degree of / is the minimum of all maxi(deg(ai) — zd) running over all ^ • aj£)~' representing 
/. The product of two elements by 

{Y.^iD-%T.^3D-i) = ( E aM''{D){h,))D-K 

i& jez fcez Q>o ^ ^ 

Wo denote by [/<fe the degree < k part of U . Then if V is a vector space, we set V®U = 
lim^(y ® U)l{y ® U<k). The coproduct map A of U{V) extends to a map U U{l)§)U, 
where the image of D'^ is Ei>o(-l)'(l ® -D"^)a • • • a(l (g) D'^), and a = A{D) - 1 £> G 
U{1) ® UH)<d-i. 

Definition 1.5. A quantization of rf is a {-invariant element J G C/(g)®^(8)C/<o, satisfying the 

dynamical twist equation 

jl2,3,4 jl,2,34 _ jl,23,4j2,3,4 

and the following conditions: J—1 G ?7(0)^^®?7<_i, the reduction j ofJ—1 modulo C/(0)®^(S)?7<_2 
(an element of U{q)'^^ S"([)[l/-Do]- J satisfies Alt(j) = rf . 

Then R := ( J^'^'^)~^ J^'^'^ is a solution of the dynamical quantum Yang-Baxter equation 

Dl,2,4pl,3,24p2,3,4 _ p2,3,14 pl,3,4 d1,2,34 

The PBW star-product on [* may be described as follows: C l[[h]] is a Lie subalgcbra, 

then the fi,-adic completion of J7(?it[[?i]]) C C^(0[[^]] is aflat deformation of 5' (I), which we denote 
by S'{l)fi (it is the quantized formal series algebra associated to the trivial deformation of U{1)). 
Then U{l){{h)) identifies with S' {l)n[h~^]; moreover, this identification takes C^(0<fc[[7i]] into 

This discussion can be locahzed. We denote by S' (Q[l/Do]fi the ?i-adic completion of the 
subalgebra of U{{h)) generated by and {h'^D)~^. This is a flat deformation of S' {t)[l/Do]. 

Moreover, U{{h)) identifies with 5-(I)[l/£>o]R[ft"^], and U<k[[h]] goes into h.-'^S' Do]h- 

It follows that J gives rise to an element J(A) of ?7(fl)®^(8>S''([)[l/-Do]B) with the expansion 
J(A) = 1 + hj{\) + 0{h^), and Alt(j(A)) = rf . 

In Section 2, we will quantize the classical dynamical r-matrices arising from nondegenerate 
polarized Lie algebras. 

Remark 1.6. The continuous characters x '■ U ^ C{{h)) are all of the following form: A : [ ^ 
C((/i)) is a character of I, of the form A = J2i>v ^^•^i) with v <0 and £'o(A„) ^ 0. Then A is a 
character U (Q — > C((/i)), it extends to a character tl — »• C((7i)), which restricts to C/<o — >■ C[[?l]]. 
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Remark 1.7. Microlocalization. Springer's microlocalization associates to a pair [A, /), where 
A is a Z-filtered algebra with gr(yl) integral commutative and / G A is nonzero, a complete 
separated Z-filtered algebra Af, such that gr(Aj) = gr(A)[l//] (here / is the symbol of /, i.e., 
its nonzero homogeneous component with maximal degree). (^/)<o is a subalgebra of ^/ and 
contains (A/)<_i as an ideal. 

Af has the following universal property: if _B is a Z-filtered, complete separated algebra (i.e., 
f^^B^ = {0} and B = lim^i{B / Bi)) , and ^ : A ^ B is a morphism of filtered algebras, such 
that is invertible, then /x extends to a morphism of topological filtered algebras Af ^ B. 

Actually, Af depends only on /, and when A is graded, Af is the completion of its associated 
graded. E.g., if ^ = C[a;i,... ,Xn] and f G A — {0} is homogeneous, these algebras can 
be described as follows. Let C(/) = C C C" be the cone defined by the equation / = 0. 
Then gr{Af) is the ring on functions on C" — C. The projective space P" decomposes as 
C" U H, where H is the hyperplane at infinity, and the closure C of C in P" decomposes as 
CUCoo, where Coo = COH. Then gr((y4/)<o) is the ring of functions on P" — C, the quotient 
(A/)<o/(j4/)<_i is the ring of -invariant functions on C" — C. Finally, {Af)<o (resp., Af) 
is the ring of functions on the formal (resp., formal punctured) neighborhood on H — Coo in 
P" -C. 

In general, if ^ is a Z+-filtered commutative algebra and X = Spec(A), then X has a 
compactification X = X \J Xoo- Here X = Proj(i?(A)), where R{A) is the Rees algebra of A, 
and Xoo = Pi'oj(gr(A)). If g € A — {0}, then Ag (resp., {Ag)<o) is the ring of functions on the 
formal (resp., formal punctured) neighborhood of Xoo — Cooig), where Coo{g) = V{g) H Xoo, 
and V{g) C X is the zero-set of g. Coo (5) depends only on g, which explains why the same is 
true about Ag. 

1.5. Examples. 

1.5.1. Lie algebras with a splitting. (1) An inclusion [ C of simple Lie algebras with the same 
Cartan algebra I) is called a Borel-de Siebenthal pair ([BS]). Then [ has an invariant complement 
u. If A e [)*, the bilinear form — » C, {x,y) ^ (A, [x,y\) is nondegenerate for A generic, and 
is the sum of two bilinear forms C and C, which are therefore nondegenerate. In 
particular, v? C, {x,y) {X,[x,y]) is nondegenerate. So (g, I, u) is a nondegenerate Lie 
algebra with a splitting. 

(2) If is a finite dimensional Lie algebra and r G A^(fl) is a nondegenerate triangular r- 
matrix, then the dual of r is a 2-cocycle on q. Let g = g © Cc be the corresponding central 
extension. Then g is a nondegenerate Lie algebra with a splitting with [ = Cc, u = g. The 
corresponding r-matrix is A 1-^ r/A. 

(3) We generalize (2) to the case when I is no longer 1-dimensional. Let g be a Lie algebra, 
let 3 C be a central subalgebra, set g := 0/3, and let tt : g ^ be the canonical projection. 
Let u C be a complement of 3. Then (0,3, u) is a Lie algebra with a splitting; let us assume it 
is nondegenerate. Set r :— (tt (g) tt ® id)(r^). Then r satisfies CYB(r) = 0. In particular, for any 
A e (* such that £>o(A) ^ 0, r\ :— (id id (giA) (r) is a triangular r-matrix (we identify A with a 
character of S' (l)[l/L'o])- If J if' a quantization of rf , and x ■ U<o is a character as in 
Remark 1.6, then := {n 0n ^ X){J) is a solution of the twist equation, quantizing r\. 

1.5.2. Polarized Lie algebras. (1) If is a scmisimple Lie algebra and [ C is a Levi subalgebra, 
then (0, [) gives rise to a nondegenerate polarized Lie algebra, which was studied in [DM]. Then 
r^■.l*^ /\'^{u) is defined by 

rfW = - E (ad(A^))-i(e„)A/„, 

aeA+(0)-A+([) 
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for A E [* such that ad(A^)|u G End(u) is invertible. rf is also uniquely determined by the 
requirements that it is an l-equivariant rational function, such that 



Here A+(5), A+(l) are the sets of positive roots of g, I, and x Ay = x ®y — y ® x. 

(2) Let be a finite dimensional Lie algebra, which can be decomposed (as a vector space) 
as = 0+ where 0± C arc Lie subalgebras. Let r G 0+ iX'0- be a nondcgcncratc tensor, 
such that r := r — (r)^'^ is a triangular r-matrix (i.e., it satisfies the CYBE). Then we may 
construct as above. If we set [ = Cc, u± = 0± , we get a nondegenerate polarized Lie algebra. 

(3) Let = I ® u+ ® u_ be a nondegenerate polarized Lie algebra, and A = C[t]/{t"'), then 
(g) A = ([ ig) A) © (u+ (g) A) © (u_ (g) A) is a nondegenerate polarized Lie algebra. 

1.5.3. Infinite dimensional exam,ples. The definitions of polarized Lie algebras, their r-matrices 
and quantizations generalize to the case of graded Lie algebras with finite dimensional graded 
parts. 

(1) The Virasoro algebra Vir decomposes as [ © u+ ® U-, where [ = Cc ® CLo and u± = 
©i>oCL±i. Then (Vir, [, u+,u_) is an infinite dimensional polarized Lie algebra. 

(2) If is a Kac-Moody Lie algebra and [ C is a Levi subalgebra, then (0, [) gives rise to 
an infinite dimensional polarized Lie algebra. 

Remark 1.8. The proof of Proposition O.f shows that if = ( © u is a Lie algebra with a 
nondegenerate splitting, U C 0* is an invariant open subset and r : J7 ^ A^(0) is 0-invariant, 
such that r|g* + r^ is a ((, 0, Z)-r-matrix, then r is a (g, 0, Z)-r-matrix. This leads to the 
following r-matrix (a quantization of which is unknown) . 

Let be a scmisimple Lie algebra and t £ S'^{g)^ be nondegenerate. For ^ G 0*, set 
— <E) id)(t). If [)' C is a Cartan subalgebra, let ttj> be the part of t corresponding to 1)'. 
Set 0*s = G is semisimplc}. If x G is semisimple, let t)^ = {h G 0|[/i!.t] = 0} be the 

Cartan subalgebra associated to x. Then the map g*^ /^^(fl)) € (ad(^)~^ (E) id)(t — t[)(j)) is 
a (0, 0, 0)-r-matrix. 



In this section, we constuct a dynamical twist quantizing rf. For this, we first construct 

an element K; it is defined by algebraic requirements, related with the Shapovalov form. We 
then construct J = J^ and show that it obeys the dynamical twist equation. We then show 
that J satisfies nonabelian versions of the ABRR equations. 

2.1. Construction of K. Let = [ © u+ © u_ be a nondegenerate polarized Lie algebra. 
Denote by H : U{q) — > U{1) the Harish- Chandra map, defined as the unique linear map such 
that H{x-^-XoX-) = s{x+)e{x-)xo if xq G U{1) and x± G U{u±). Here e : U{q) ^ C is the 
counit map. 

Let d' = dim(u±) and let D'q g S'^ (I) be the polynomial taking A G I* to det(A o cj) o i, 
where a; : u+ © u_ ^ I is the Lie bracket followed by projection, A o a; is viewed as a linear map 
u_ and Hs a fixed linear isomorphism u_ — > u!j_. 

The relation with the objects introduced in the previous section is d' = d/2 and {D'q)"^ = Dq. 
In particular, U identifies with the microlocalization o{U{V) with respect to a lift D' G U{l)<d' 




«eA+(B)-A+([) 




Gq: ^ fa 



2. Dynamical twists in the polarized case 
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Theorem 2.1. There exists a unique element K € (I7(u+) ® U{u-))^U , such that if we set 

K = ef ® e~ ® di, then we have 

Vx G C/(P-),Vt/ G [/(p+), Y,H{xe+%H{e-y) = H{xy). (5) 

i 

Equivalently, we have for any x± G U{u±), xq G U{V), 

'^H{xef)(.i (8)e7 = e{x+)xo ^X-, ^(.iH{e'^y) = x+ ^xoe{x-), 

i i 

where x = x+XqX- . K has also the following properties. K is invariant under the adjoint 
action of I. K is a sum Xln>o ^n, where Kn G (C/(u+)<„ (8) U{u-)<n)®U<-n, and the image 
of Kn in S'"(u+) ^ S'"(u_) 5'(l)[l/Z)o]_„ under the tensor product of the projection maps 
U{u±)<n U{u±)<n/U{u±)<n-i and [/<_„ C/<_„/f/<_„_i, coincides with ^{r")", where 
r" := — r' G u+ (8) u_ (8) S' (1)[1/£'q]_i is the opposite of the "half r-matrix" of {q, I, u+,U-) (the 
index k means the homogeneous part of degree k; the index < k means the part of degree < k; 
the algebra structure of S'{u+) ® <S' (u_) (8) S'{V)[1/Dq\ is understood). 

Proof r" is a sum 'ZiO-^ ® ® -P»(^o)"S with Pi G S'^'-^{1). Let Pi G UH)<d'-i be a lift 
of Pi, and let f := J^i ai®hi® Pi{D')~^. Then f G u+ (8 u_ (g) f7<_i is a lift of r" . Let us set 
Kq := exp(p). 

Lemma 2.2. Set K = J2iet ® e~ ® li. Ifx&U{u-), setT{x) ^Y.iHixej^i^e'; . ThenT 
is a linear map U{u-) — *■ f7<o<8)J/(u_), such that if x has degree < n, then 

T{x) - 1 (8> a; G C/<o§C/(u_)<„_i + C/<_i§i7(u_). (6) 

Proof. The map H is such that if x± G U{u±) have degrees < n±, then H{x-X+) G U{{) 
has degree < min(n+,n_). The bilinear map U{uJ) ® U{vi+) U{1), .'r_ O .t+ H(x^x+) 
therefore induces a collection of bilinear maps S'"(u_) (8 S'"(u+) 5"' (I), which turn out to be 
the symmetric powers of /i : u+ (8) u_ ^ [. 

Write f" = ^ ■ a^"' (g) 6^"^ (8 , where a^"' , 6^"' have degree < n and /i -"^ has degree < — n. 
Then if x has degree < k, H{xal"^)4"^ has de grec < min(fc, n) — n < 0. Moreover, this degree 
tends to — cx) as n ^ oo, so T is well-defined and maps to U<o^U{u-). 

Let us prove (6) when x G u_. We have J2i h{x®ai)Pi®hi = Dq®x (equality in S'^ (l)g)u_), 
so Y,-H{xai)Pi'Sibi G £)'(8)a;-|-C/(I)<d'-i(8u_. ThenY,iH{xai)Pi{D')-'^iSibi G l(8)a;-|-f^<_ii8)U_. 
On the other hand, if n > 1, then H{xa'f''^)£'f'^ (»b'f^ has degree < 1-n < -1. So T{x)-l<^x G 
C/<_igC/(u_). 

Let now x G U{u-) be of degree k. If n < k, then i/(a;a|"'')£|"^ has degree < 0, so 
T,iH{xa\"^)e\"^ b\"''' G C/<o <8) U'(u_)<„, so the contribution of E„<fe^/«' lies in C/<o ^ 
U{u-)<k-i. If n = fc, then Ei ^(a^ai''')^*'^ ® ''f^ ^ ^<o ® U{u-)<k, and its class modulo 

U<^i (8 ?7(u_)<fe + i7<o (8 C/(u_)<fe_i is 1 8) a;, by the filtration properties oi x (g) y i-^ H(xy). 

If n > k, then if(a;a-"^)4"^ has degree < k — n < —1. This shows that T(a;) — 1 (8 a; has the 
required degree properties. □ 

Lemma 2.3. T extends uniquely to a continuous endomorphism T of U<q®U{u-), such that 
f{(.®x) = {l®l)T{x) for any I G C/<o andx G C/(u_). f is invertible, andT' := {T^^)\i(^u(v.-) 
has the same degree properties asT: if x & U{u-) has degree < n, then 

T'{x) - 1(8 a; G [/<o§C/(u_)<„_i + [/<_i§f/(u_). 
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Proof. Clear. □ 

End of proof of Theorem 2.1. We now set K := Y^iiK ® 1 ® ® T'{e~f^'^). Set 
K = Y^.e'l ® el ® l^. Then if a; € J7(u_), we have 

Y,H{xet)ii ® eT = J2{H{xet)ii ® l)T'(e-) 

i i 

= ^(T(a;)(i) l)T'(T(a;)(2)) = f-\T{x)) = x, 

where we have set T{x) = r(x)(^) ® T(a;)(2). 

The properties of T' then imply the following. If n > 0, then the reduction of K modulo 
([/(u+) (8) U{u-))'SiU<-n-i lies in (C7(u+)<„ (g) ?7(u_)<„) (8) (C/<o/f/<-n-i), and its reduction 
modulo {U{u+) ® C/(u_))<2„ O {U<o/U<-n-i) lies in 5"(u+) 5"(u_) it 
identifies with (?'")"• This implies the claim on the decomposition on K. 

We now prove the uniqueness of K. If K' has the same properties as K, then K" := K' — K = 
Y^i o-'i^h^® i\ is such that for any x e t^(u_), ^1,% ^{^^'il^'i ®^'i = ^- Let (ej) be a basis of 
U'(u_), and set /C" = • a,,/ (8) ej ^i,/, then H{xai)£ij = for any 7. We now prove: 

Lemma 2.4. If ^ = J2i o-i'^ U ^ U{u+)%U is such that H{xai)li = for any x e U{u-), 
then C = 0. 

Proof of Lemma. Set ^ = X^q^"' where deg(^a) = —a, Let ao be the largest integer such 
that 0. We have = Z^fLo*?*' where ry^ G C/(u_)<s(8)J7ao-s- Then if a; G t/(u_) has 

degree < n, then mo[H ^ id) ((a; (8) !)??«) € f/ has degree < min(n, s) + ao — s. Pairing r]s with 

U{u-)<N, U{u-)<N-i, etc., we get tjn € U{u+)<n-i^Uo:o-n, etc. Finally = 0, and ^ = 0. 

□ 

Therefore K" = 0, so K is unique. Then its [-invariance follows from the Unvariance of H. 

□ 

2.2. The dynamical twist equation. If = Si^^i ^ bi ^ ii, set J = Jf := ai (8 
5(6,)5(4'^) «) 5(4'^). Then J e (C/(u+) i7(p_))gC/<o. 
Proposition 2.5. J satisfies the dynamical twist equation 

jl2,3,4 jl,2,34 _ jl,23,4j2,3,4 

This proposition has a representation-theoretic interpretation in terms of intertwiners, anal- 
ogous to that of the abelian case (see [EV2] or [ESI], Proposition 2.3). 

Proof. Let us set K = X- ai®bi® ii. Then (7) can be written as follows 
«f ® af^S{bi)S{if) ® S{bi)S{if^)S{lf) S{if^)S{lf^) 

= ^ a, )5(£f )a.- ® S{b'^^)S{£f^)S{b,)S{if) ® S{i\'^)S{£f^). 
hi 

Since K is [-invariant, the right-hand side is rewritten as 

^ a, ® 5(6f ® S{b^^)Sibj)S{if)S{£\'^) ® 5(4^))5(4'^)- 

Now both sides belong to the image of the map 

(C/(u+) ® i7(fl) ® C/(u_))0C/ ^ (C/(u+) ® i7(fl) ® C/(p_))SC/, 
a;(8)y(8)2;(g)ii-^a;i8)y(8) 5(^;)S'(i(^^) ig) ^(i^^^). 
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So we have to prove the equahty 

i,i »J (8) 

in {U{u+) C/(fl) (g) f7(u_))gC/. 
The hnear map 

(C/(u+) ® C/(fl) ® C/(u_))§t/ ^ Homc(t/(u_) ® t/(u+), C/(fl)§C/), 
is injective. This map takes the l.h.s. of (8) to 

i 

and the r.h.s. of (8) to 

i 

Here we denote by ^ ■ a;+,8 ® xo,i ® a;_,, the image of x € C/ (fl) in (7(u+) (g) C/(() (g) C/(u_) by the 
inverse of the product map. 

To prove that a = /3, we will prove that the maps {x,y) ^ (S'(y^^^) (g) l)a{x (g) ?/'^^) and 
(a;, y) ^ {S{y^'^^) (g (g y^^^) coincide. The first map takes {x, y) to 

Y,S{{xy)-,i)S{{{xy)o,if^) ® {{xy)o,if\{{xy)+,i) 

i 

and the second map takes (x, y) to 

i 

To prove the equality of both maps, it suffices to prove that the maps U{q) — > f/(fl) (g U{1), 

i 

and 

i 

coincide. If oo G ?/([) and a± £ U{u±), then the first map takes a+aoO- to S'(a_)5((ao)^^'') (g 
(ao)(^)e(a+), and the second map takes a+aoa- to 5((a_)(2))5((ao)'^^)'S'((a+)(=^))(a+)(i) (g 
(ao)^^^£((a-)^^^), so both maps coincide. □ 

Together with the valuation results of Theorem 2.1, and taking into account the change of 
sign induced by 5, Proposition 2.5 implies: 

Corollary 2.6. J is a quantization of rf , in the sense of Section 1.4- 

Example 2.7. If g is the Heisenberg algebra, spanned by x+,X-,c, with = c, u± = 

Cx±, I = Cc, then K = exp(-x+ (g a;_ (g c"^), so that J = exp(-x^^^xL^^ (c^^) + c^^^)"^), i.e., 
J(A) = exp(-a;+ (g a;_(A + c)~^). 
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2.3. K, singular vectors, and fusion of intertwiners. If u e u_, then x i— » [u,x] maps 
C/(u+) to C/(u+)lC [/(fl). 

Proposition 2.8. If u & u_, then [u^'^\K] - Ku^'^^ e lm{ip), where (p : {U{u+) ^ U{u-) (g) 
l)^U<-i — > (f(p+)(8>f(u_))0f/<o is the map taking x+®X-®l®x to x+£^X-^x—x+^X-^£x. 
Proof. Set K = ^^aiiS)bi^ li. Then if a; e J/(u_), y e ?7(u+), we have 
Y,H{x\u,ai\)Un{hiy) = Y,H{{xu)ai)liH{biy), 

i i 

because H{^u) = for any ^ e ^^(s)- Now 

^H{{xu)ai)eiH{biy) = H{xuy) =^H{xai)£iH{biuy). 

i i 

So if L = [u^^\K]—Ku^'^^ is decomposed as ajig/Siig) A^, we get H{xai)\iH{(3iy) = 0, 
therefore for any X G C/(u_), ^^(a^ai)^, ® A = 0. Now if a^^iA^ G (C/(u+)®C/(u+)[)§C/<o 
is such that Y.i H{xa[)\[ = 0, there exists Yji ^ ® A" G (C/(u+) (g ()§[/<_i, such that 

<<^K^ E^(«"^.) ^ A^' - ® i^iK)- n 

If now y is a topological ?7-module and F is a g-module, the morphism U U{()0U extend- 
ing the coproduct of U{V) allows to view Y^V as a [/-module, [/-modules can be constructed 
as follows: let A G [* be a character such that Dq{X) ^ 0, and let {V,pv) be a (-module. Then 
V{{h)) is a [/-module, where x G [ acts as pv{x) + h~^X{x) idy. 

Denote by U{q) the microlocalization of U{g) associated with D'. Then U{q) is isomorphic 
to (C/(u+) (g) U{u-))§)U. Let U{p-) C [/(fl) be the subalgebra U{u^)§iU. Then any [/-module 

Y may be viewed as a [/(p_)-module. We associate to it the [/(fl)-module Y := Ind^|^^(y). 

The coproduct of U{g) also extends to a morphism U{g) — > U{g)^U{Q), so if Z is a U{q)- 
module and F is a g-module, then Z^V is a [/ (fl)-module. 

Proposition 2.9. IfY,Y' are U -modules and V is a Q-module, and if (, <E liomfj{Y,Y' (g V), 
then there is a U{Q)-module morphism : Y ^ Y'^V, such that = ^+ higher degree 
terms. Set K = Y^-Oi ® h ® li, and set J := Y.i'^i ® S{bi)S{£f^) (g S{£f^). If we write 

J = Y.^(^^® then $[y = Y.^{(^^ ® Pi) O ^ O S{\^). 

Proof. The properties of K imply that for any u G u_, {u'^^^ + u'^'^^)J = Ju'^^^ + L, where L 

has the form J2i a^K a ® Ka ® l)(ea ^ + e^a^ - ^)(1 1® where {ea)a is a basis of [. 

□ 

When y = C, this proposition shows how to construct singular vectors in tensor products. 
We now show that J also controls the fusion of intertwiners. Let Y,Y' ,Y" be [/-modules 
and let V ,V'' be g-modules. Let ^ G Hom^(y,y'§y') and ^' G Homj^(F',y"§F"). Then 
(g id) o G Hom^(y,y'§>(y" (g V')), and 

id) o $«) = ^(id 0ai ® hi) o id) o ^ o 5(^i), (9) 

i 

where K = ai®hi®£i, and (...) denote the component Y Y'®(y" ®V') of an intertwiner. 
If A(^,^') is the r.h.s. of (9), we even have 

0id) = $^(«'«'). 
All this follows from the fact that J satisfies the dynamical twist equation. 
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2.4. Microlocalized Harish-Chandra map. To state the composition formula, we need mi- 
crolocalized versions of the Harish-Chandra map and the PBW isomorphism, which we now 
prove. 

Let a = b © c+ c_ be a polarized Lie algebra, let D E S'^{a) be a nonzero element, such 
that D^b' G S"^(b) is nonzero. Let Ua, Ub be the microlocahzations of U{a), U{b) w.r.t. lifts of 

Define a product on (U{c+) f/(c_))(8>f/b as follows: 

H = (132) o {mu{c+) <8> mu{c-)) ° (id0e+ (8> id^eZ^ (8) id) o (id0id(8)7r id(8>id) 
o ((132) (8> (132)). 

Here niA is the product map of an algebra A, : A^^ — > A is (m^ 'S> id) o niA, e± : 

Ub'SiU{c±) — > U{c±)(§iUb arc the exchange maps defined as the unique continuous extensions 
of Ub (8) U{c±) 9 / (g) X 1-^ 'l2i^i ® /i € U{c±)(SiUb, such that fx = ^^Xifi (identity in the 
microlocalizationof C/(b©c±) w.r.t. a lift of D|(,*), '■ C/(c_) © J7(c+) t/(c+) (g) t/(b) (g) C/(c_) 
is the composition of U{c-) f/(c+) U{a) with the inverse of f/(c+) U{b) J7(c-) —>■ U{a) 
(both maps are inclusions followed by the product of C/(o)). 

Lemma 2.10. ^ is an associative, continuous product on (f7(c+) © C/(c_))0i7b- The subspace 
U{c+) ® U{c-) t/(b) is a subalgebra of ((C/(c+) U{c-))^Ub,ii), and is isomorphic to 
{U (a) , TOi7(a) ) under a : x+ x_ / i-^ x+ /x_ . 

There is a unique morphism of topological algebras PBW : Ua ^(C/(c+) ?7(c_))0C/b, /it^ , 
extending the inverse of the isomorphism a. 

Proof. The associativity of the transport of 'mu(^a) on U{c+) U{c-) U{a) may be viewed 
as a consequence of the commutativity of diagrams involving U{c±) and U{b). These diagrams 
still commute when U{b) is replaced by C/b, which implies the associativity of /U. 

Let us choose lifts D, Dq of D and D^b* in U{a),U{b) is such a way that D e U{a)<d, 
Do e U{b)<d and H{D) = Dq, and let us construct an inverse of a{D). Set := — Dq, and 
define inductively ^n, n > by 

= -(id0m[.f id) o (e+ id0el^)(5(;"^ ^„_i ^). 

The partial degree of in f/b is < d — 1, by construction, and the partial degree of ^„ in Ub in 
< d — 1 — 2n(i (because e± has partial degree for the filtration by the J7i,-degrec; actually its 
associated graded for this filtration is the identity). Therefore the sum I0l0i^(7^ + X)n>i ^n^'^ 
converges in (f/(c+) f/(c_))0?7b, and one shows that it is inverse to a{D). The construction 
of PBW then follows from the universal property of Springer's microlocalization. □ 

Remark 2.11. Set H := (e e id) o PBW, then H : Ua ^ Ub is a continuous map, extending 
the Harish-Chandra map H. Moreover, PBW can be recovered from H using the formula 

PBW = (7r+ F 7r_) o (A; id) o A^. 

Here A; : — > U{a)®Ua, A^ : ?7a — > Ua<S>U{a) are the left- and right- comodule structures 

of Ua under (7(a), and tt± : f/(a) ^ U{c±) are the maps U{a) U{a) (S>u{b®c-) ^ — > U{c+), 
U{a) C 0(7(bec+) U{a) C/(c_), induced by the natural projections and the inverses of 

the maps a;+ i-^ a;+ 1, a;_ i-^ 1 a;_. In particular, PBW is a left t/(c+)-module and right 
f/(c_)-module morphism. 
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Remark 2.12. If d G Z, let Xd be the subspace of (^U{c+)(E)U (c_ )) $$?/(,, topologically generated 
by the U{c+)a «> t/(c-)/3 «) {Ub)<d-a-i3, where a,/3 > 0. Then C Xa+i, K^d O ^d') C 
Xd+d', and is contained in the degree < d part of (J7(c+) ® J7(c_))(8)J7bj therefore if we set 
X := Udez^d, X is a topological subalgebra of ^(?7(c+) (g) U{c-))<SiUt,, jj^ . One can check that 
PBW factors through a morphism Ua ^ X. 

2.5. The composition formula. Assume that q = I ® u+ © u_ and I = 6 © m+ © m_ are 

nondegenerate polarized Lie algebras. 

Set D± = u± © m±. Then = 4 © 0+ © 0_ is a polarized Lie algebra. 

Lemma 2.13. = 6 © 0+ © t)_ is nondegenerate. 

Proof. Let d'^ = dim(m±), < = dim(u±), < = d'^ + <, and Df e S<(t), Df G ^^(l), 
dI g S"*" (6) be the determinants associated to each polarized Lie algebra. Then [m±, U:p] C Uqi, 
therefore 

Here the map x is the algebra morphism S'{V) S'{t), taking x^xqx^ to s{xj^)e{x-)xo, 

where x± G S' (m±) and xq G S'{t) (it is the associated graded of the Harish-Chandra map, 
and corresponds to the inclusion t* C I* attached to the decomposition of 1). Since and D\ 
are nonzero, so is Df. □ 

Let us denote by: 

• the microlocalization of U{1) w.r.t. a lift of 

• Ui (resp., J7j, U^'), the microlocalization of U{t) w.r.t. a liftoffs (resp., (^f)|{0- 

Lemma 2.14. 1) We have natural inclusions C Ut, C/" C Ut of complete filtered rings. 
2) PBW is a continuous map U[ — > (C/(d+) U{\}-))^U^' of degree < 0. 

Proof. 1) is clear. 2) follows from Lemma 2.10. □ 

Let us denote by Jj , and the dynamical twists associated to the polarized Lie algebras 
[ = 8 © m+ ©m_, £1 = e© t)+ © = [ffl u+ ffiu_. 

We denote by r] the linear map (f/(u+) ?g [/(p_))§C/[ -> (C/(o+) "S) C/(p _))§)[/{", taking 
a /? ® A to EiEa^C^+'i) ® f^S{X^^l) ^ £(A_,i)Ao,i. Here a G i7(u+), /3 G U{p-), and 
PBW(A) = E^~,i ® ^o,i, where A±,i G ?7(m±) and A° G Here the map PBW is 

relative to the polarization [ = 6 © m_ © m+, so if A G i7 (I), we have A = J2i ^-,i^o,iX+A- 

Proposition 2.15. We have = r/(Jf )4- Th is is an equality in (f/(t)+)(8'i7(p-))®t/{, where 
rj{Jf) (resp., J^) is viewed as an element of this algebra using the injection U'^ C Ut (resp., 
C Ui). 

Remark 2.16. This formula allows one to recover Jf uniquely from j\,Jf. Indeed, let r}' : 
{U{x>+) (g) U{p-))^Ue {U{u+) 'g! U{p-))(g)Ut be the map taking u+A+ p_ fc to u+ (g) 
P-S{X+)'S)k, where u+ G U{u+), p_ G C/(p-), A+ G U{m+), k G U{t), then rj'or] = id(8)id(g)if('. 
Now Jf can be uniquely recovered from its image by id (g) id (E)H^ using its l-invariance, because 
the map 5 (1)' S'{t), f /|{* is injcctive (sec Remark 1.2). 

Remark 2.17. One can prove that the classical limit of r?(Jf) is (r^)|(., so the classical limit 
of Proposition 2.15 is rf = (rf )|{* + r\ (see Remark 1.4). 
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Proof. We set 

K^i = ^ai(gil3i(^K,iG {U{m+) ® ;7(m_))§C/(, 

i 

Kf = ^aj^ bj (8) ctc°c7 e (f/(u+) O U{u-))Wi, 

j 

where cf £ [/(m±), c° € f/j" C C/(. 

Then J(' = Y.^a^® SmSinf^) ^ S^n^^), and 

3 

t liGr cf O V G 

V{jn = E'^i^ ® ^(?'.)5(c-)5(c°(^)) ® 5(cf )), 
and we want to prove that 

i.e., that 

To prove (10), wc will prove that: 

(a) the r.h.s. of (10) belongs to {U{o+) (g) f7(t)_))§C/{, 

(b) for any x € U{V-), y € f/(t)+), we have 

J2 Hf{xajcfai)Kicf^Hl {Sicf''^)picf^cjbjy) = Hf{xy). (11) 

Here i?j is the Harish- Chandra map U{q) U{t). 

Let us now prove (a). We have Oj e C/(u+), e C/(m+), ai e [/(m+), so the first factor of 

the r.h.s. of (10) belongs to U{X)+). Since [6,m_] C m_, S{cf'^^)(3icf^'' e ?7(m_); we also have 
cj e U{m-) and 6j € f/(u_), therefore the second factor of the r.h.s. of (10) belongs to f/(t)_). 

Finally, since Ki € U'^ and c°^^^ e J7{, the third factor of the r.h.s. of (10) belongs to Ut. This 
proves (a). 

Let us now prove (b), i.e., identity (11). Since is a left C/(E) -module morphism, c°^^^ can 
be inserted in the argument of Hf, so (11) is equivalent to the identity 

Hf{xajc+ai)KiH^{(3iC°cJbjy) = Hfixy). (12) 

Wc now prove: 

Lemma 2.18. //z G U{q) and t G U({), then 

Hfizt) = Hl{Hf{z)t) and H^tz) = H\{tHf{z)). 

Proof of Lemma. We way assume that z = z+zqZ-, with z± £ U{u±), zq G U{V). Then 
H^{zt) = e{z+)H^{zoZ-t) = e{z+)s{z-)Hf{zot) = H\{Hf{z)t). The second identity is proved 
in the same way. □ 

It follows that the l.h.s. of (12) is equal to 

H[ {Hf (xa,c+)ai) KiH[ {PiHf {c°cjbjy)) , 

i,3 
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which is equal to 

J2Hl{H^{xajcpHf{c''jCjbjy)). (13) 

j 

Now Cj and c^c" belong to U{1), and H^ is a [/([)-biniodule map, so 

j j 
Therefore l.h.s. of (13) = H\{Hf{xy)) = Hf{xy). This proves (b). □ 

2.6. The ABRR equation. We assume now that = I ® u+ ® u_ is a polarized Lie algebra, 

equipped with t € 5*^(0)^, such that t decomposes as i = i| + ,s + .s^^-'^, where t| G 5*^(1) and 
s G u+ ig) u_. Then tt is [-invariant. We then say that {q, t) is a quadratic polarized Lie algebra. 
We set s := s^'-^. 

Let fi be the Lie bracket, and set 7 := — ^/i(s). Then 

Lemma 2.19. 1) [y,l] = 0. 
2) [7,u±] C u±. 

Proof. Let us prove 1). If a; G [, we have {s,x'^^^ +x^^^] G u+ (8)U_, [ti,x'^^^ + x^^^] G 1(8) I, and 
[s, x^^^ + a;^^^] C u_ (g) u+. Since the sum of these terms is zero, each of them is zero. Applying 
/X to [s, a;(i) + a;(2)] = 0, we get 1). 

Let us prove 2). If a; G u+, we have [s,a;(-^^] G u+ (g) u_, [s,a;(^^] G u+ (g g, [fi,a;(-^^] G 
u+ O [, [i[,a;(^)] G [<8)U+, [s,x'-^^ + a;^^)] G f|<8)u+. Therefore {[s,x^'^^)u+m- = -[s,x'-^^, so 
[s, x^^^ +a;(^^] G u+ (8)p+. Applying /j, to this relation, we get [7, x] G u+. One proves [7, u_] C u_ 
in the same way. □ 

Assume now that g is nondegenerate (as a polarized Lie algebra). 
Lemma 2.20. Let us set K — ai®bi® li, s = ® , ti = I\. Then 

J2 ®ei® biU- = ^ Oi ® £i ® [7, hi] + ^ tti (g) IJx ® [/a, - ^ XI ® ^» ® t"^-^' t"^-^' 

Proo/. Let 5 be the difference of both sides, then 5^'^'"^ belongs to {U (u+) ® C/(u_))®C/[. Set 
^ = Ei 5[®6'1®5'I', it will suffice to prove that for any a;, y G U{q), we have -H'(a;'^i)'^i"-H'('^f 2/) = 
0. 

Let a;,y G J/(0), then 

H{xu+ai)£iH{biU-y) = H{xm{s)y), (14) 

where m is the product map of U{q). 

Set Cg = iTO(ig), C[ = ^m{t{). Then Cg = C[ + to(s) + 7, so (14) is equal to 

H{x{C,-C,-^)v). 

Since Cg is central, this is H{xyCg) — H{x{Ci + "f)y)- Using again Cg = Ct + m(s) + 7 and the 
fact that H{zm{s)) ~ for any z G U{q), wc rewrite (14) as H{xy{Ci + 7)) — H{x{Ci + 7)1/), 
and since if is a right C/(Q-module map, this is 

H{xy)Ci - H{xCiy) + H{x[y,-f]). 

Now wc have H{xy)Ci = ^H{xai)liC[H{biy), since C[ commutes with U{1). Moreover, 

H{xCiy) = ^Y^H{xhai)£iH{bihy) = ^Y.H{x{[h,ai] + aiIx))£iH{{[bi,h] + hbi)y). 

iyX i,X 
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On the other hand, for any ^ G [/(g), we have 7?([7,^]) = [7, -ff(C)]- Indeed, if ^ = then 
according to Lemma 2.19, the triangular decomposition of [7,^] is [7,'^'^]^°$" + C'''[7i'?°]?~ + 
e+e"[7,n, and since £([7,C±]) = 0, we get Hi[j,^]) = e(C+)[7, ?°]£(r) = b,H{0]. 
Therefore H{x[y,^]) = Y.iH{xai)iiH{hi[y,^\) = j:,H{xai)eiH{[j,bi]y). Therefore 

(14) = J2 H{xai)£iCiH{biy)~Y. ^W^' ai]+aih))£iH{{[bi, h]+hbi)y)+J2 H{xai)£iH{[j, bi]y). 

i i,\ i 

Therefore 

^ u+Oi (g) £i ig) biU~ = ^ tti (g) £i (g) [7, bi] 

+ i ^ ai (g) [li, Ix]h <g> &i + cii h£i [h, bi] + [a,, 7a] <g) £ih ^h- [a^ Ix] [7a, h]. 
^ i,\ 

Then we use the [-invariance of K to transform the two last terms. □ 

Recall that J = «i <^ S{b,)S{£f^) ® 5(4^^). 
Corollary 2.21. (The nonabelian ABRR equation.) We have 

Proof. Uses the facts that t{ commutes with A(J7(l)) c f/(l)®^ and that m{t{) is central in 
U{\). □ 

Remark 2.22. A quadratic polarized Lie algebra q such that [ = and t is nondegenerate, is 

the same as a Manin triple, i.e., as a Lie bialgcbra structure on u+ (or u_). Such a polarized 
Lie algebra is degenerate (unless g = 0) and docs not lead to a classical dynamical r-matrix. 

Remark 2.23. Corollary 2.21 may be written in a "normally ordered way" 

(tf '3 _ ,1,2 _ ^(,5)(2)) J = J(t2,3 _ ^(,-)(2)) ^ (15) 

Here " normally ordered" means that all expressions involving s = w+ (gi u~ are such that 
u~ appears before u+ if both of them are in the same factor. 

Remark 2.24. Expression of the r-matrix. Assume that t is nondegenerate. Let : g* ^ g be 

the map A 1— > (A(g)id)(i). Then is an isomorphism and restricts to an isomorphism I* {. So if 
^ is a generic element of I, the bilinear form u+ x u_ C, {x, y) t-» {{t^)~^{£)) {[x^ y\) = £{[x, y\) 
is nondegenerate. By invariance of the scalar product, it follows that for such an £, the operators 
ad(i') e End(u±) are invertible. If we identify A^(0) with a subspace of End(0) using the scalar 
product, the r-matrix of Proposition 1.1 is A 1— > ad(t'^(A)) where P is the projection on u+©u_ 
along [ and ad(i^(A)) is viewed as an automorphism of u+ © u_. The same applies in the case 
of a Lie algebra with a splitting and a nondegenerate t € 5^(0)^. □ 

2.7. Multicomponent ABRR equations. Here g is still a quadratic polarized Lie algebra, 
nondegenerate as a polarized Lie algebra. 

Proposition 2.25. We have 

Jl2,3,4(^2,3 ^ ^2,4 _ ^1,2 _ ^(^)(2)) ^ (^2,3 ^ ^2,4 _ ^1,2 ^ ^2,3 _ ^(^)(2)) jl2,3,4 (jg) 

and 

jW^t^A _ ^2,3 _ ^(^)(3)) ^ (^3,4 _ ^1,3 _ ^2,3 _ ^(s)(3)) jl,23,4_ (^7) 
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Proof. Let us prove the first identity. Recall that K = ^ . ai®hi® ii. The identity follows 
from 

X! "i^^ ® "i^^-^^ ® ®bi + ^ af (8) af ^u;; ® 4 «) &i + ^ (g) af ^U^h 



+ ^ u+af ^ ® w;^«f ^ «) 6i + ^ (g) u+af ^ 8) (g 6^^" + ^ (g) u^u+a,^^^ 



vo' i/z 



Write the difFerenee of both sides of (18) as g) ® C, (g) Dj. It will suffice to show that 

for any x G U{u+), we have (g) CiH{Dix) = 0. 

This means that for any x G f7(u_), 

x^^^ (g x^^^/a (g /a + x^^^u+ (g x^^^m;: (g 1 + x^^^ (g x^^^m;:m+ (g 1 
= ^u+x^^^ (gM^Tx^^) ig) 1 + x(^^ (gM^TM+x^^) (g) 1 + ^ x^^) (g) /as;^^^ O-^a + [/A,a;]^^^ (g /A[/A,a;]^^^ 

cr A 

+ ^a,A(^)^'^ ® w+A<,,a(x)(2) ® /a + ^ A<,(x)(i) ® ^^+A<,(x)(2) ® 1, 

A, (7 

where Acr,A\^a- are the linear endomorphisms of U{u+) defined by the condition that u~x — 

{A„{x) + Y.xA^A^)h) belongs to U{q)u-. 

This identity decomposes into two parts. The first part is 

xW ®x(2)/a = xW ® Jax(2) +^A,,;,(x)W ®w+A,,a(x)(2), (20) 

(7 

which we prove as follows: since x^^^ (g Acr,\{x'^'^^) = Ac^\{xY'^ , it suffices to prove that [x, /a] = 

'Y^^u^Aa,\{x?). This collection of identities in ?7(u+) is equivalent to the identity in U{\x+)\, 
^;^[x, /a]/a — X)a (t ''J't ^<y,\{x)I\. The last identity is proved as follows: we have [m{t),x\ = 0, 
where m{t) = Y.xih)'^ + 2 1]^ u+u~ + 27. This gives 

^ 2[/a, x]/a - [[/a, x], /a] + 2[7, x] + 2 ^ zi+ (A<,(x) + ^ A,,a ix)h) G C/(0)u_ 

A a A (21) 

which implies X^a[-^^' ^l-^-'^ + a '"o- ^<^.-'*(^)-^^ ~ ^' wanted. Notice for later use that (21) 
also implies 

J2 -[[h, x], h] + 2[7, x] + 2 ^ utA^ix) = 0. (22) 

A a- 

The second part of (19) is 
[x(i) ® x(2) , ^ «+ ® «- + 1 ® = ^[/a, a:](i) ® /a[/a, + ^ ^.(x)(i) ® wj^.(x)(2) . 

A a- (23) 

Before we prove (23), we prove 

[x,^^.;<] =^/A[JA,a;]+^«+A,(x), Vx G [/(u+). (24) 
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According to (22), this is written as 

[a;, = i V (7A[/A,a;] + [h,x]Ix) - ['y,x], 

which follows from the fact that m{t) is central. This implies (24). 

Let us now prove (23). The difference between (23) and (22) applied to the second factor of 

x^^) (8)a;(2) is 

® ^ u+ ® u-] = ^[h, x^^^] ® hx'-^^ + ^(1 ® u+){A„{xY''^ ® A„{xY^'^ - x^'^ ® A„{a 

<7 X a 

So we should prove (25). 

Since A^ixf"^ = {A^ ® id + id(g)A<^)(a;^^), (25) is rewritten as 

[a;(i) ® , ^ u+ ® U-] = ^[/a, a;^^)] ® /ax^^) + ^ A(a;(i) ) ® w+a;^^) . (26) 

<T A a 

\ix e u+, then [a;^ X^o- "a ^"ct] G u+ so if a; e ?7(u+), then the l.h.s. of (26) belongs 
to t/(u+)(g) (C/(u+)eC/(u+)[). 
Now 

[x(^) (g)a;(^\^u+ Ou;:] = -[a;(^^ (g) a:^^^ ^ /a -^a] - [a^^^^ ® x'^'^'^ ,'^u~ (g>M+] 

CT Act 

= ^[7a, a;^^^] (8) /asj^^^ + ^^^^^-^a ® a;^^^] + u'x^'^'^ ® u+a;^^) modulo C/(0)u_ J7(u+) 

A A 

= ^[JA,a;«] ® Jax(2) + ^xWJa ® [/a,^;^^)] 

A A 

+ (IZ ^CT,A(a;('))/A + A^ix^"^)) ® w+ar(2) modulo C/(0)u_ C/(u+). 

(T A 

Projecting this identity on J7(u+) (g) J7(0) parallel to ?7(u+)[ (g) i7(0), we get (26). 

Let us now prove the second identity. Using ® u~ ,x^ -\- oP'\ = for a; G I and the 

[-invariancc of K, we transform this identity into the analogue of (19) with u+,u_ exchanged, 
which also holds. □ 

Corollary 2.21 has a multicomponent version. Namely, let 

j\p\ ^l5{2,...,n},n+l ^ ^ ^ ^n— 2,{n— l,n},n+l^n— l,n,n+l 

(this element corresponds to fusing n intertwiners). ^ 

Theorem 2.26. (The multicomponent ABRR equation) For i = 1,... ,n, the element J["l 
satisfies the equations 

f;.^--^W + -m(t,)(^j[i = (E^''- E ^^'')-^'"'- (27) 
Ptoo/. Wc will treat the case n = 3. Then jl^l = ji.23,4j2,3,4 ^ ji2,3,4 ji,2,34^ -pj^^^ 

(^M _ ^1,3 _ ^2,3 _ ^(^)(3))j[3] ^ (^3,4 _ ^1,3 _ ^2,3 _ ^(-)(3)) jl,23.4 j2,3,4 
= Jl.23,4(^3,4 _ ^2,3 _ ^(5) (3) ) j2,3,4 ^ jl,23,4 j2,3,4(^3,4 _ ^^-^(3)) 
= j[3l(,3.4_^(-)(3))^ 

where we have used (17) and (15). This proves (27) when i = 3. 

^Here, for example, ji>{2.- -.'«}."-+i means that we put the first component of J in component 1, the second 
in components 2...n (after taJfing the coproduct n — 2 times), and the third in component n + l. 
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Let US treat the case i ~ 2. 

+ tf'* - + S^'' - m(,s)(2)) J[31 = + ^2,4 _ ..1,2 ^ ^2,3 _ ^(-)(2) ) jl2,3,4 jl,2,34 

= Jl2,3.4(^2.3 ^ ^2,4 _ ^1,2 _ ^(s)(2)) j2,3,4 ^ jl2,3,4 jl,2,34(^2,3 ^ ^2,4 _ ^^-^(2)^ 
= J[3](i2,3^^2,4_^(-y2))^ 

where we have used (16) and (IS)^'^'^''. This proves (27) when i = 2. 

In general, (27) for i = 1 is a consequence of (27) for i = 2,... ,n, and of the [- and 
7-invariances of J, and of [7, [] = 0. We have aheady proven the [-invariance of J, and its 
7-invariance follows from that of K, which in its turn follows from the identity H{[j,x]) = 
[7, Jf(a;)] for X e J7(0). □ 

Proposition 2.27. ( CompafAbility of multicomponent ABRR) Write the multicomponent ABRR 
equations as a["' = for i = 2,. . . ,n. This is a compatible system, i.e., [af^\aj^^] = 

[b^"\ = for any pair i,j G {2, . . . , n}. 

Proof. The vanishing of these brackets follows from the identities 

[s''^ s'''] + [s''^ s'''] + [s'-\ s2-3] = [^2.3^ ,1,3] (38) 

and 

[s^'^, m(s)(i) + m(s)(2) - = 0. (29) 

To prove (28), one may assume that t is nondegcncrate. Both sides of (28) belong to u+ ® 0(8)U_. 
Then (28) follows from its pairing with eg) id(g)a;+, with x± G u±. 

Let us prove (29). Let us project [7*^^-' + 'y^^\t] = on u+ (g) u_. Lemma 2.19 says that 
this projection is [7^^^ +7^^^ s] = 0. (29) then follows from this identity, together with m(s) = 
i(m(t) — m{t()) +7, the fact that m{t) is central in U{q), and [s,m(t[)^^] = 0, which follows 
from the Hnvariance of s. □ 



3. Dynamical pseudotwists associated to a quadratic polarized Lie algebra 

As we noted in the Introduction, Proposition 0.1 together with [AMI] implies: 

Lemma 3.1. Let (g = [®u, t) be a quadratic Lie algebra with a nondegenerate splitting. Let 
c G C, then pc G A^(0) O S'{l)[l/Do] defined by 

Pe(A) := rf (A) +c(/(c ad A^)® id )(t) 

for A e [*, is a solution of CYB(pc) + Alt(dpc) = -n^c^Z. Here we set A^ = (A (g) id)(t) and 
f{x) = — l/x + 7rcotan(7ra:). 

In this section, wc assume that (g = [ © u+ © u_,t G S'^(g)3) is a quadratic polarized Lie 
algebra, such that q is nondegenerate as a polarized Lie algebra (see Section 2.6). Recall that 
this means that t decomposes as t[ + s + s'^'^, with t[ G ^^(I) and s G u+(8)U_. We will construct 
a dynamical pseudotwist quantizing pc in this situation. 

We fix a formal parameter h and a complex parameter c. We set k = He. If ^{A,B) is 
a Lie associator ([Dr2]), we set ^~^{A,B) = ^{kA,kB)~^. An example of an associator is 
the KZ associator, i.e., the renormalized holonomy from to 1 of the differential equation 

m: - (A J- 

dz y z ^ z-1 1^ ■ 

Theorem 3.2. Set 

j=^-\e\tr-s'^'-m{sr^)jf. 
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Then J G f/(£l)'^^(8iC/[[[?i]] is a solution of the dynamical pseudotwist equation 

J12,3,4 Jl.2,34 ^ ^-1(^1,2^ ^2,3) J1,23,4J2,3,4. (30) 

Proof. Drinfeld's algebra T4 is defined by generators Tij, 1 < i j < 4:, and relations 
n,j = Tj^i, [Tij,Tk,i] = if {i,j,k,l} = {1,2,3,4}, and [nj +Ti^k,rj,k] = if card{i,j, fc} = 3. 
Then we have the pentagon relation 

Then wc have an algebra morphism T4 C/(0)®^ (8) U{V), with r*'^ 1-^ t^'^ for i,j ^ 4, 

jIA ^ tf^ _ sl.2 _ 38,2 _ ™(5)(2)^ ^3,4 ^ ^3,4 _ ^1,3 _ ^2,3 _ ^(^)(3) ^ J2i<i<j<4 r,,j ^ 0. 

Taking the image of the pentagon relation by this morphism, we get an identity in [/(0)®^(g)J7([[?i]]. 
Multiply it from the right by the identity (Jf )i'23,4^jfl)2,3,4 ^ (j0)i2,3,4(jfl)i,2,34 rj,^^^ ^^^^ 

the identities of Proposition 2.25 to put (Jj^)^'^^-'* before the image of $~^(r^'^, r^'^) in the 
l.h.s., and (Jj^)^^'^'^ before the image of $~^(t^'^, r^'^ + r^'*) in the r.h.s., we get the result. 

□ 

Let us study the classical limit of J. In Section 1.4, we introduced quasi-commutative 
algebras 5 (l)r, C 5 (0[l/^o]n, and inclusions S-il)n C U{l)[[h]], (f/i)<o C S {l)[l/Do]n. 

Then J belongs to A := U{q)®'^iS)S' Do]fi (here <§) is the "formal series" tensor product). 

Proposition 3.3. (Classical limit.) J —1 belongs to HA, and the reduction o/ Alti,2(-/ — 
l)/h modulo h belongs to /\^{q) ® S' Do\. It coincides with the expansion at origin of the 
meromorphic function pc : I* ^ ^^(fl); defined in Lemma 3.1. 

Proof. It will be enough to compute the classical limit of X := — s^'^ — m(s)(^^). 

We have = exp(</)), where </> is a Lie formal series in A,B. X is the specialization of $ 
under A^ Aq— hct^''^, B ^ Bq := hc{tf^ - s^'^ - m(s)(2)). We have e HA and Bq e A, 
moreover if B'q := hctf'^, then Bq = B'q modulo HA. 

Since 4> is a. Lie series, it is a sum of homogeneous components with partial degree > 1 in A 
and B, so (l){Ao,Bo) e HA. In particular, X G 1 + (f){Ao,Bo) + h^A. Moreover, (1){Aq,Bq) = 
4){Ao, B'q) = (f>i{Ao, B'q) modulo h'^A, where <j>i is the part of (6, linear in A. 

Set (pi = J2k>i '^k &d{B)''{A). Since S'{1)[Dq% is quasi-commutative, h^^ ad(B^)*=(Ao) S A 
is equal modulo HA, to 0*=+^ J2a,Xi,... ,Xk ^« ® ad(/Ai ) • • • ad(/A J(ea) ® (fi/Ai ) • • • (fi/A^ ) (here 

i = Z^a O Ca). 

Its reduction modulo HA is the linear map [* g**^, A ^ c'^+^ad(l ® t^(A))'^ (i^'^). This 
map takes values in S^{q) if k is even and in A'^{g) if fc is odd. Only the "even k" part remains 
after antisymmetrization, and the result follows from the fact that the C2k coincide with the 
Taylor coefficients of / (see e.g. [EE]). □ 

Let rj : U (fl)®^ — » U (fl)®^ (8 U (l) be the linear map associated to g = (©u+ ©u_ (see Section 
2.5). 

Proposition 3.4. // P is any noncommutative polynomial in two variables, we have 

r?(P(^l•^^2•3)) = P(^l•^ tf'^ - s^'^ - m(s)(2)). 

In particular, r]{^-'^{t^''^,t'^'^)) = ^-'^{t^''^,tf'^ - s^-^ - m(s)(2)). 
Proof. We have for any x e U{q)^^, 

r){t^'^x) = t^'^r]{x). (31) 
Let us now show that if x G U (g)®^ is g-invariant, then 

r]{t^'^x) = (i( - s^'^ - m{s) )r]{x) . (32) 
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Let US write x = J2i ® -Si ® A^A°A^. Since e{u^X^) = 0, we have ri{s'^'^x) = 0. 

We have if = Y.^,x ^ ® hBi ® [h, X-]X°Xt + Ei,x ® -^aA ® Xl{IxX^)X+, so since 
= 0, we get 

il{tl\) =Y,ArS{X+^'^^)®IxB,S{X+^'^)®e{X-)hXl = tl\{x). 

Finally, since x is invariant, we have 
s'^^^x = Y,^i® ^aBi ® Ar A?(A,+u+) + [Ai, «+] ® u-Ri ® ArA°A+ + ® u" [Bu u+] ® Ar A°A,+, 

i.<7 

therefore 

r?(52'3a;) = -AiS{Xt^^^) ® ^.;B,^.+5(A+(^^) ® e(A-)A° 

- ^,n+5(A+(^)) u-BiS{Xt^'^) s(Ar)AO + [A,, «+]5(A+(')) «-B,5(A+(^)) e{Xr)X^, 
+ ^,5(A+(^)) ut\S{Xt^'^) £(Ar)AO 

= - ^{ut 1 + 1 u~u^ l)r?(a;). 

Adding up these results, we get (32). The proposition now follows from (31), (32) and 97(1) = 1. 

□ 

Remark 3.5. The relation ?7($P(fi'2, t^^^)-!) = $kZ(^i,2^ ^2,3 _ ^1,2 _ ^(-)(2))-i^ ^^y^^^^ ^kz 
is the KZ associator, can be derived from the results of Section 4.7 (in the untwisted case) 
together with the composition formula. □ 

Remark 3.6. If J G U{Q)'^^[[h]] satisfies Ji2,3ji,2 ^ ^-1(^1,2^ ^2,3) ji,23j2,3^ ^^^^ ^^^^^ ._ 
{U{Q)[[h]],M{J-^) o Ao) is a Hopf algebra. 

Assume that J £ t/(fl)®^0C/[[[ft]] satisfies the pseudotwist equation (30), and set Jft := 
(J-^'^)~-^ J, then Jfi satisfies the twist equation in Unio) 

t12,3,4 t1,2,34 _ t1,23,4 t2,3,4 /qq^ 

Remark 3.7. When is a semisimple Lie algebra and [ C is a Cartan subalgebra, c = 1, 



Pc(A) = -\ Y (ea A foe) coth 



(A, a) 



2 ^ 



Here xAi/ = x®y-y®x. Then a quantization of Pc(A) is J := $^^(i^'^, if ^ -r^'^ -m(r)'^^)) 
(here r is the standard r-matrix of g). Therefore, if J is as in Remark 3.6, then := {J^'^)~^J 
satisfies (33). On the other hand, we know from [EV2] another solution of the same equation, 
obtained by a quantum analogue of the construction of Jf . It is natural to conjecture that 
and are gauge-related in {/^(g) (or, which is the same, that J and J^'^J'f^ are gauge-related 

Remark 3.8. (Expression of the r-matrix.) If i G S'^{qY is nondegenerate and we use it for 
identifying f\^{Q) with a subspace of End(g), then pc identifies with 

^^idF(A)^ + ^^(^^^(*'^^»)- 
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4. Dynamical pseudotwists associated to a quadratic Lie algebra with an 

automorphism 

In this section, we quantize the r-matrix p^-^c of Proposition 0.3, as well as (po-,c)|{* + if 
([ = t © m-i- © m-,t[) is a polarized quadratic Lie algebra, nondegenerate as a polarized Lie 
algebra. 

4.1. Quadratic Lie algebras with an automorphism. Let g be a finite dimensional com- 
plex Lie algebra, equipped with t e S^{q)^ and a £ Aut(g), such that (cr (j){t) = t. We 
assume that cr — id is invcrtiblc on fl/fl'^. 

Set [ := g'^, u := Im(CT — id). Then g = 1 ffi u is a Lie algebra with a splitting (sec Section 
LI). Moreover, we have t e S'^([) ffi 5'^(u). We denote by ti the component of t in S'^{1). We 
have ti e S'^Hy. 

Example 4.1. g, I are as in Example 1.5.2 (1), and a = exp(ad(x)), where x is a generic central 
element of 1 (see Section 2). 

Example 4.2. g is a simple Lie algebra, a is an involution of g. Then G/L is a symmetric 

space for G. 

Example 4.3. g is a simple Lie algebra, and [ C g is a semisimple Lie subalgebra of the same 
rank ("a Borel-Dc Siebenthal pair" [BS]). In this case there is an automorphism (of degree 2, 3 
or 5) such that I = g'^. 

Example 4.4. g is a simple Lie algebra of simply laced type, a is induced by a Dynkin 
diagram automorphism (with no fixed edges). Then I = g°^ is the Lie algebra corresponding to 
the quotient diagram. 

Example 4.5. More generally, in the setting of Example 4.4, one may consider the automor- 
phism (jp = a o exp(ad(/3)), where /3 is a generic element of . In this case, I = f)'^. 

Let T) {a + ib ^ C|a G [0, 1[ and 6 > 0, or a e]0, 1] and h < 0}. There is a unique operator 
log(cr) in End(g), such that e'°s'^'^) = a, and whose eigenvalues belong to 2mTi. 

4.2. The main result: definition and properties of Let us define C]o,i[ as the ring of 
analytic functions on ]0, 1[. We define in the same way 0^_^x_^^. Set 

(z'°s('^)/2" (g)id)(t-il) z 

^(^) ■■= ^31 + 

Then X{z) e g®^ ® ^m'<-{i}- More precisely, the first term of X{z) is a linear combination of 
products of powers of log(^;) (of degree < dim(0)) with z°' /{z — 1), where a is an eigenvalue of 
log(cr)/2z7r. 

Let «; be a formal parameter and let be the renormalized holonomy from to 1 of the 
equation 

z^ = ^XizY'^ + tr + lmiur^)G{z), (34) 

where G e [/(fl)®^ (g) U{1) O 0]o,i[[M]- 

More precisely, if cr has no strictly positive eigenvalues on g/g'^, there are unique solutions 
Go, Gi of (34), such that Go{z) = + o(l)) as z ^ 0, Gi{z) = (1 - z)«*'''(l + 

o(l)) asz^l, and e /7(g)®2 U{1)[[k]] is defined by = Gi{z)-^Go{z) for any z. If a 
has strictly positive eigenvalues, Go, Gi, are defined similarly, replacing [0, 1] by a smooth 
path 7 : [0,1] C, such that 7(0) = 0, 7(1) = 1, 0, 1 ^ 7(]0, 1[), and the Euclidean scalar 
product of 7'(0) with the eigenvalues of log(cr) is > 0. 
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Theorem 4.6. "^f^ satisfies the pseudotwist equation 

//^KZ-|-l-jl,2,3y^l,23,4^]y2,3,4 _ ^12,3,4^1,2,34 

Proposition 4.7. (Classical limit of^^.-) Let c be a complex numher, h a, formal variable, 
and assume that k = he. Recall that S'{()ii is the h-adically complete subalgebra of U{l)[[h]] 
generated by M. Then and - l)/h belong to U{q)^'^^S'{1)h- 

Moreover, the reduction modulo h of — ^k^)/^ is the formal function pa,c '■ ^* — * 
such that 

p.,c(A) = c((/(cad(A^)) ® id ) (to + i^( ^,,,,,d(AV),^_id ® id) (t - t,)) ; 
here for A e V , A^ = (A (g) id)(t[) e \, and f{x) = -| + tt cotan(7ra;) . 

Remark 4.8. This solution of the modified CDYBE was discovered in [AM2], generalizing 

[ES2] , where a is assumed of finite order. In the case of Example 4.5, this solution was discovered 
in [S] and quantized using quantum groups in [ESS]. Our quantization is different; it should 
be related to the quantization of [ESS] by a gauge transformation given by a twisted version 
of the Kazhdan-Lusztig equivalence between the representation categories of an afRne algebra 
and a quantum group. 

Remark 4.9. When cr = id, is semisimple and 4 is a Cartan subalgebra, (34) is the trigono- 
metric KZ equation, see [EFK, EV3]. □ 

Assume now that [ is a quadratic polarized Lie algebra, nondegenerate as a polarized Lie 
algebra. So I = 6 © m+ © m_, and t[=ti + s + s^^^, with t{ e 5*^(6)' and s e m+ © m_. We set 
7 = — ^/i(s). Let ^'{,[,0 be the renormalized holonomy from to 1 of the differential equation 

= .{{X{z) - sf ' + {tr + ImihY'^ - 1^'^))g{z). (35) 
Then e U{g)®'^ (g) I7([)[[k]]. The map r] defined in Section 2.5 restricts to 

Proposition 4.10. 1) Set ^-f := then r){'^f) = *{,r,g. 

2) Set ^'j := ^'{,[,g Jj. Then £ [/(0)®^©[/e[[/i]] is a dynamical pseudotwist, i.e., it satisfies 

(($KZ)-1)1,2,3(^0)1,23,4(^B)2,3,4 ^ (^8)12,3,4(^B)1,2,34_ 

Moreover, if k = he, '^f belongs to C/(g)®^Cg)S''(t)[l/-D{]ft, and its classical limit is Pc.t.g '■= 
r[{X) + (/9<T,c)|{*(A). It satisfies the modified CDYBE Alt{dpc,t,s) + GYB{pc,t,g) = -n'^e^Z. 

Here r[{X) is as in Section 1 and Dt G 5'i™(i"+)(t) is the determinant corresponding to the 
polarized Lie algebra [ = t © m+ © m_ . 

The proofs of Theorem 4.6, Proposition 4.7 and Proposition 4.10 occupy the rest of this 

section. 

Remark 4.11. If we assume that q'^ = 0, then J := is a solution of the twist equation 
ji2,3ji,2 _ ^^^^i,2^^2,3^ji,23j2,3^ gj.^gg j.jgg quasitriangular Hopf algebra 

(C/(s)[[K]],mo, A := Ad( J'^) o Aq, i? := {J-^f-'^e^^'/^J). 

Its classical limit is the quasitriangular Lie bialgebra structure on g induced by the r-matrix 
r := (fjz^ i8) id)(t) (r is antisymmetric, and is a solution of the modified GYBE). 
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4.3. Proof of Theorem 4.6. Consider the system of equations 

= + X{z/uf'' + {tl' + \m{Mr)))G, (36) 

J-^ = k[x{u)''' + X{u/zr-' + {tf' + im(i,)(^'))G, (37) 

where the unknown function G{z,u) lies in C/(g)®^ (8) C/(l) (8) O is the ring of analytic 

functions on {{z, u)\0 < z < u < 1}, and G has the form 1 + 0(k). 

One checks that the system (36,37) is compatible; more generally, the following is true. Let 

Q = [ © u be a Lie algebra with a splitting, equipped with t G S'^{g)^, such that t = ti + tu, 
ti G S'^{{), tu G <S'^(u). Assume that i G End(u) commutes with the adjoint action of I on u, 
and that 

(a) (f (8)id + id(g)^)(tu) =iu, 

(b) [fl'2,t2,3] ^ [^1,2^ ^2,3j ^ ^ ^j^g^g ^ ^ |(3))(^^) ^ ^^cre I G End(0) is 

defined by = 0, = t 

Then the system (36,37), where X{z) = {z^ ®id){tu)/{z — l)+t\-z/{z — 1), is compatible. 

The system (36,37) has therefore a solution, unique up to right multiplication by an element 
of ?7(0)®2 (g) U{\)[[k]] of the form 1 + 0{k). 

Following [Dr2], we consider five asymptotic zones, corresponding to the parenthesis orders 
Pi = {{Qz)u)l, P2 = {0{zu))l, P3 = 0((z«)l), Pi = {Oz){ul), P5 = 0{z{ul)). 

Assume for simplicity that a has no strictly positive eigenvalue. This guarantees that the 
function z'^, A in the spectrum of log(cr). tends to zero as z ^ 0"*". 

There exist five solutions of the system (36,37) Gi,... ,G5 corresponding to these zones. 
They are uniquely determined by the requirements 

G^iz,u) = ^«(tf'*+i™(tO<^')^«(*?'^+tr+XtO(=")(l + g,(z,u)), 
u 

Gs{z,u) = iu- zr''-'{l ~ z)«(*'''+*''')(l + .93(z,^/)), 

G4(z,m) = Z"(*?'*+5'"(*')''')(1 -U)"*''(l + .94(2,?!)), 

G5(z, w) = (1 - ur'\\ - z)<'''^^''-"\\-rg^{z,u)), 
where gi{z,u) (resp., 52,53,54,55) tends to zero as {u,z/u) (resp., {u,l - ^), (1 - 2;, fEf ), 
{z, 1 — u), (1 — z, jE^)) tends to (0,0) in ]0, Ip. Here "tends to zero" means that these are 
zeries in k of tensor products of elements of ?7(g)®^ (E) U{V) with analytic functions in (z,m) 
tending to zero in the relevant zone. The expansions of G2 and G3 are based on the identity 

+ = «(^(2)^'^ + Xiu^'' + t]'' + 1]'' + tr + \m{ur^ + lmiuY'^)G. 
We have the relations 

Gi = G2(*f)■^•2'^ G2 - G,i^^y-'-'\ G3 = G5<^>P(^2■^^l■3), 

Gi = G4(*f)l^3'2^ G4 = G5(*f)i3'2^^ 
Therefore Gi = G5$kZ(^2,3^ ^1,3^(^0^1,23,4(^8^2,3,4 ^ (2^(^s^i3,2,4(^fl)i,3,24_ simplifying by 
G5, exchanging factors 2 and 3 and using the antisymmetry relation ($^^)3>2.i = ($^^)~i, we 
get the result. 

If a has strictly positive eigenvalues, one applies the same argument after replacing the 
segment [0, 1] by a smooth path 7 : [0, 1] C, as in the definition of Then if a is any 
eigenvalue of log(cr), z" ^ as z ^ along 7. □ 
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4.4. Proof of Proposition 4.10. Let us prove 1). Similarly to Proposition 3.4, one shows 
that if P is any noncommutative polynomial in dim(g) + 1 variables, and £ := log(cr)/27ri, then 

r?(P((^'= ® id)(^)^'^ fc = 0, . . . , dim(0) - ^ + ^m(t()^'^)) 
= P((^'= id)(^)^'^ = 0, . . . ,dim(0) - - s^'^ - rn(s)(2) + m(t[)'^') 
= P((£'= id) (^)^^^ = 0, . . . , dim(0) - - + _ ^(2)). 

*f may be expressed as P{{i'' (g) id)(t)i'2,fc = 0, . . . ,dim(0) - l\tf'^ + ^m{uY^^); this implies 
!)• 

Let us prove 2). Let us denote by ^' and the renormalized holonomies from to 1 of the 
differential equations 

CI ^ Zi 

We will prove the identities 

i''')-'M/(;i''/*' = *Mf/*" (40) 

and 

(jl)l,23,4^' = *?,fg'*(Je')l'23^^ (j')12-3,4^„ ^ ^1,2^34(^,^12,3,4_ (4^) 

Then combining (40), (41) and the twist equation ( J(')i'23.4( Jj[)2,3,4 ^ ( ji)i2,3,4( j^i)i,2,34^ 
get 2). 

Let us prove (40). Proposition 2.25 implies that if G{z) is a solution of (35) of the form 
1 + 0(k), then G'(z) := ((Jj')^'23'4)-1g'(2)2,3,4(j1)1,23,4 is a solution of (38) of the form 1 + 0(k), 
and G"{z) := ((J{')12.3,4)-1g(2)1,2,34(j1)12,3,4 jg solution of (39) of the form 1 + 0{k). This 
implies (40). 

Let us prove (41). We consider the system of equations 

z^ = k(^X{z)''^ + X{z/uf'^ - s''^ - s^'^ + tf^ + ^m(t()(2) - ^(^))g, (42) 

= /^(X(«)i'3 + X{u/zf'' - - ^2.3 + ^ l^(fj)(3) _ ^{3)^G, (43) 

where the unknown function G{z, u) lies in U{g)^'^ (E) U{t) ® ^[[k]] and has the form 1 + 0{k). 

As before, the system (42,43), supplemented with the condition G = 1 + 0{k), has a solution, 
unique up to right multiplication by an element of ?7(g)®^ (g) C^(t)[[K]] of the form 1 + 0{k). 

The system (42,43) has unique solutions Gi, . . . , G5 corresponding to the asymptotic zones 
Pi, . . . ,P5, satisfying 

G,{z,u) = z<-^'^'-^'''^'rH^^ur^-'f^'^) 

Gs{z,u) = {u- zr'^'^l - ^)«(*'''+*''')(l + gsiz,u)), 

G,{Z, U) = ,^{-s^--s^-+trHrniHr'-^^^') (1 _ + g,^,^ ^)), 

Gr,{z,u) = (1 - ur'"'\l - zr^''''+'''"\l+g^{z,u)), 
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where gi{z,u) in the zone Pi. Then we have 

Gi = G^{^"f^^'^^\ G4 = G5(*J,I,s)13,2,4, 

As before, this imphes (41), and therefore 2). □ 

4.5. Classical limits. Let us prove Proposition 4.7. Set H{z) := G{z)z-<*''^'^+^"'^*''>^^^\ then 

Let us prove that H{z) has the foUowing K-adic property: it belongs to U{q)^'^®S' {V} ® 
O]0^i[[[k]]. Set U := nt[, then f[ e U{q)®'^®S' {{), and -ff(z) satisfies the equations 

ir(o) = 1, = ^x{zY^^H{z) + + |m(tt)(2),ir(z)]. 

The formal expansion of H{z) therefore belongs to C/(0)®^(X)S''([)[log(z), z", a G D][[z]][[k]], and 
has the form 1 + 0{k) (D is defined in Section 4.2). Set H{z) = 1 + k/i(2;) + O(k^), then 

M0) = 0, z£=X(z)i'2 + [t,,M-^)]. 
View h{z) as a formal function I* — > f/(fl)®^, then 

MO, A) = 0, z^^^ = Xizf'-' + [t)[{\r\h{z, A)]. 



Here e({X) := (A«)id)(t(). 
Therefore 



h{z,X) = rAd{{z/ufW^^^)^x{ur.^)^. 
Jo 



It follows from the form ofH{z) that e [/■(0)®2SS-([)[[fi;]], and it has the form l+ntp+OiK^). 
We have 

V'(A) = hm.^i- ( Ad {{z/uY' )(^ T^T^ ' + 7^*')— " * ' log(l - z)). 

Therefore V( A) e0®2^5 ([). 

We now use the fact that for Re(a;) > 0, one has 



lim ( r u^-^-^ - log(l + - - 



) = -T'{x)/r{x). 



Using the [-invariance of (u'°g('^)/2'r» (g) id)(f — t[) and of ti, and the fact that log(l — 
z){z-'^*^(^^ - id)(t) ^ as ^ 1", we get 

V'(A) = (^(i^ + adtr(A)) ®id)(i-tO+ (^(l + adtr(A)) ®id)(iO. 

Then using (log(cr) (g) id + id(8ilog(cr))(t — ti) = 2-Ki{t — ti), and the l-invariance oft — ti and 
ti, we get 

V'(A) - ^(A)^-i = ((^ + adtr(A)) - - ^ - adir(A))) ® id)(i - U) 
+ ((£^(1 + adtr(A)) - ^(1 - adtr(A))) id)(tO. 

Using the identities ^(1 — a;) — ^{x) = — 7rcotan(7ra;), and 1) — ^{x) = ^, we obtain 

Proposition 4.7. 
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The classical part of Proposition 4.10 now follows from the fact that the classical counterpart 

of 77 is the restriction to 6* C [* . □ 

4.6. Twists by an element of Z{V). One checks that the results of Section 4.2 can be gener- 
alized as follows. 

Let (0, 1, a) be as in Section 4.1. Let us denote by Z{1) the center of [ and let 7' e Z{1). 
Denote by ^ii,j> the renormalized holonomy from to 1 of the equation 

= K{Xiz) + tr + Imikr^ - 7'(2))G(.), (44) 
Then ^'re,^' satisfies the pseudotwist equation 

/'/'$^„-)-lU,2,3^1,23,4^2,3 4 ^12,3,4^1,2 34 

and its classical limit if p^^cW. 

To prove the first statement, one modifies the system of equations (36,37) by adding —n^i'^'^^G 
in the r.h.s. of (36), and —ny^^^G in the r.h.s. of (37). This is again a compatible system, 
because of the identity X{z) + X{z~^)'^'^ = t[. 

Assume in addition that I is quadratic polarized as in the sequel of Section 4.2, let 1,3(7') 
be the renormalized homolomy from to 1 of (35), modified by the addition of —kj'^'^^G in its 
r.h.s. Then //(^'^^.y/) = ^'{,[,0(7'), and ^t,[,g(7')"^i' is a dynamical pseudotwist, quantizing Pc,t,i- 
To prove this, one modifies the system (42,43) as above. 

4.7. Relation with twisted loop algebras. Here, we interpret results of Section 4.2 in terms 
of the ABRR equations and the dynamical twist for a twisted loop algebra. More precisely, 
we show that the compatibility of the systems (36,37) and (42,43) are consequences of the 
compatibility of multicomponent ABRR equations (Proposition 2.27), and relate G{z) with a 
dynamical twist. 

Throughout the section, we assume that Q,t,a, l,t,m± are as in Sections 4.1, 4.2. We also 

assume that t G S'^(g)3 is nondegenerate. 

If s G is an eigenvalue of a, let Qs C be the generalized eigenspace (we set 0s = for 
other s G C^). Then t decomposes as a sum J^sec^ where ts G 0^ (8)0s-i. 

4.7.1. Twisted loop algebras. Let us say that a function of one variable x is a generalized trigono- 
metric polynomial if it is a linear combination of fmictions of the form .T"e"^. n G Z+, a G C (the 
sum may involve different a). Let LcQ be the Lie algebra of 0- valued generalized trigonometric 
polynomials of x satisfying the condition 

f{x+l) = a{f{x)). 

For notational convenience we will express such functions as multivalued functions of ^; = e^'^'^. 
We will denote by C[log(z), a G C] the ring of generalized trigonometric polynomials. 

Set e{x) = e^"^*^, F := {a G C|e(a) is an eigenvalue of a}, C+ = {u + iv\u > oy {u = and 
V > 0)}, C_ = -C+, r± = r n C±. if a, G C, we write A < /x (resp., A < /x) iff /x - A G C+ 
(resp., C+ - {0}). 

The operator z-£^ acts on L^g, and its eigenvalues belong to F. If a G F, we denote by 
{LaQ)a the corresponding generalized eigenspace. Then L„q = (Baer{Lag)a- 

{La0)a is the subspace of LaQ of all elements u, which can be expressed as u = eg) fi, 

where G 0e(a) and fi G z"C[log(z)]. Then if w = «i ® /» ^ {L^g)^ and v = J2j bj ® gj G 
{Lcrg)-a, the function J2i,ji'^i'^j)fi9ji^) is in C[log(.2)] and is invariant under a; 1— » a; -|- 1, 
and is therefore constant (we denote by (— ,— ) the pairing on inverse to t). This defines a 
nondegenerate pairing {LaQ)a x (Lo-0)_o, — > C. We denote by (— , — ) the direct sum of these 
pairings, which is a nondegenerate pairing {LctQ}^ — > C. 
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Let Cg be the endomorphism of g equal to ad(m(t)) (we denote by ad : C/(g) End(0) 
the algebra morphism extending the Lie algebra morphism g End(0) induced by the adjoint 
action of g). Then Cg (g) 2;^ is a derivation of (8> C[log{z) , z"- , a € C], which restricts to a 

derivation of Lo^g. 

Set ll!{x, y) ~ \{{C^®z-^){x),y) for any x,y & L^^g. Then a; is a cocycle on L^g, independent 
on a rescaling of t, and is a generalization of the critical level cocycle (which corresponds to g 
simple, (J = id). 

Define the affine Lie algebra 

Q = = L^g © CA; © CI © Cd © CS, 

where 

[a{z), b{z)] = [a, b]{z) + {za'{z), h{z))k + oj{a{z), h{z))\, 

[d,a{z)\ = za'{z), [5,a{z)] = ]^C,{za' {z)), [d,5] = 0, 

k and 1 are central. If g is semisimple, g is closely related to a (possibly twisted) afRne Kac- 
Moody algebra. 

An invariant, nondegenerate symmetric bilinear form is defined on g by the following require- 
ments: its extends the bilinear form on Lo-g, (fc, d) = (1, (5) = 1, the other pairings of k, 1, d, 6 
are zero, and fc, 1, c?, 5 are orthogonal to Lag. 

Define a Lie subalgebra g = L^g © Cfc © CI C g. We also let I :— l(B Span(fc, 1, d, S). 

We have (Lcr0)o = S*^- Set go = ^ = (^0-0)0 ® Span(fc, 1, d, 6), g^ = (Lcr0)i/ H € T - {0}. 
Then g = ©^grfl,/- 

4.8. Critical cocycle. If a G F, let Sa S {L„g)o, ® {L^g)-a be the element dual to the pairing 
(— , — ). Then .so = t[. Set T = |m(so) + X^a>o"^(^a)- Then T belongs to the normal-order 

completion U{L„g) oiU{L„g). 
We set 

la ■■= ^M((^Oid)(t„)) 

(where denotes the Lie bracket). 

Proposition 4.12. 1) Denote by Z{[) the center of the Lie algebra I, then 7^ belongs to Z{[). 
2) The derivation u 1— > [T, u] preserves L„g, and we have for u e L^g 

{T,u] = -i(Cg ® z-^){u) + [7. ® l,u]- (45) 

Remark 4.13. The critical level cocycle for L^g is defined as {u,v) 1-^ —{[T,u],v); so this 
cocycle is cohomologous to w. 

Remark 4.14. Let g be a simple, simply laced Lie algebra, h be its Coxeter number, A_|_ c f)* 

a system of positive roots, and p = ^ SaeA+ Equip [) with its scalar product (— , — ) such 
that all roots have length 2. Let hp e I) he the element corresponding to p (so [hp, e^] = {p, a)ea 
for any root a). Set a = exp(^ ad(/ip)). Then L^g is isomorphic to Lg with the principal 
gradation. In that case 7^ = 0. Indeed, 

7^ = 1 J2 ^[ea,/a] + (l-^^)[/a,ea] = ^( (p,a)M-V 

Now if /3 S [) , (70- , (3) = X^ae A+ (P^ P)^{Pj P) vanishes because of the identity X^ae a+ 
a = h{—,—); this identity holds up to scaling by W-invariance, and the contraction of both 
sides yields 2card(A_|_) = hx rank(g), which is Kostant's identity. 



30 



BENJAMIN ENRIQUEZ AND PAVEL ETINGOF 



Proof of Proposition 4- 12. Let us prove 1). 70- clearly belongs to gi = (. On the other 
hand, £ commutes with the adjoint action of I, and tu is l-invariant, so {£(E)id){tu) is [-invariant. 
Therefore jcr commutes with I. 

Let us prove 2). Let us set Sa = X^i ^a,i{z) e^a,i{z). We first prove: 

Lemma 4.15. Let A € L and u{z) G {Lcrg)x. // A > 0, then 

[T,u{z)] = ~ ^ [ea,i{z),[e-a,i{z),u{z)]], 

a\0<a<X 

and if X <0, then 

[T,u{z)] = - [e_a,i(z),[e„,i(2:),u(z)]]. 

a|-A<c«<0 

Proof of Lemma 4-15. Assume that A > 0, then 

[r, u{z)] = i ^[eo,i, u(^;)]eo,j+eo,i[eo,i, ^[e_a,i(2:), u(2:)]ea,i(2)+e_a,j(z)[ea,i(z), u{z 

i a>0 i 

Now if Q e r, then 

[e-a,i{z),u{z)] (g) Ca ^iiz) = -ex-o,i{z) (g) [ea-x,i{z),u{z)]. (46) 
So an infinity of cancellations take place, and we get 

[T,u{z)] = ^{[eo,i,u{z)]eo,i + eo,i[(^o,i,u{z)]) + ^ [e-a,i{z),u{z)]ea,i{z) 

0<a<X 

= \ X^[eo,i, u{z)]eo^i + ^ [e-a,i{z),u{z)]ea,i{z) + ^ ^[e_A,i(^;), u(2;)]eA,i(2;). 

< 0<a<A i 

= \Y[[<iQ,i,u{z)],eo,i\+ ^ [e-a,i(2;),u(2;)]ea,i(2;), 

i 0<a<A 

where we have used (46) for a = \. Using again (46) for < a < A, and using the change of 
variables a 1-^ A — a, we get the first identity of Lemma 4.15. The second identity is proved in 
the same way. □ 

Lemma 4.16. Let a G F 6e such that < a < 1, and u e 0e(a); then 

( ad{m{tx)){u) -£o &d{m{t)){u) = -2[7^, u]. 

\\0<\<a 

Here tx e 0e(A) O 0e(-A) is such that Ea|o<a<i *a = t. 

Proof of Lemma 4-16. For A € F, set tx = tx,i t-x,i, where t±x,i € fle(±A)- We have 

tu = Z^A|0<A<1 ^° 

A|0<A<1 i 

Then 

-2[7^,w] = - E[^(M>[*-A,i,w]] + [[^(iA,i),w],i-A,i]- 

A|0<A<1 i 

Now using (£ ig) \A + \A®t){tx) = tx, and the change of variables A i-^- 1 — A, we get 
-2[^a,u]= Y T^[i^-^^)itx,i)dt-x,i,^i]]- 

A|0<A<1 i 
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Wc split this sum as 

A|0<A<a i A|ct<A<l i i (47) 

Using the change of variables A ^ a — A, we rewrite the first sumniand of (47) as 

^1 = ^ E - 2€)(iv), [t-x,i,u]] + ^[(1 - 2e){t„_x,i), [tx-a,i,u]]). 

A|0<A<a i i 

Now we have J2.^ ta-\,t ® [t\-a,t, u] = ^-xA ® Therefore 

^1 = ^ E (E[(l-2^)(*^.^)'[*-^.-"]]+[(l-2^)([«,i-A,i]),tA,i]), 

A|0<A<a i 

which we rewrite as 

^^ = \ E (E[(l-2^)(*A,i),[i-A,i,^*]]+[*A,i,(l-2^)([t_A,i, «])]). 

A|0<A<a i 

Now we have: if t' G £ie(A), v e Qe(a-\), then [(1 - 2(.){t'), v\ + [t',{l- 2(.){v)] = 2{l - i){[t' ,v\). 
Therefore 

5i = (!-£)( E[*A,iJ*-A,i,t^]])- 

0<A<q: i 

In the same way, we use the change of variables A 1 + a — A and the identity: if a < A < 1, 
e 0e(A), V G 0e(a-A), t^en [(1 - 2l){t'),v] + [t' , (1 - 2l){v)] = -2l{[t' ,v]) to prove that the 
second summand of (47) is 

S2 = -^{ E Y}^x,u[t-x,i,u]])- 

a<\<l i 

Finally (47) is equal to 

^ Yjytx,u[t-x,uy\]-£{ E[^^.i'[*-V'"]0 +E[(l-2^)(*«,i),[i-a,i,M]]). 

A|0<A<a i A|0<A<l,A7^a i i (48) 

Now the last sum is (using the invariance of t, then the fact that I is an l-module endomorphism, 
then the invariance of t again) 

^[ta,i, [t-a,i,u]] + [-2^([u,io,i]),to,i] = ^^[ta.i, [t-Oi,i,u]] - 2f[io,i, [io,i,'w]]- 

i i 

= (1 - ^){Y^i0,^^ [t0,^M]) - ^( Et*"'*' 
i i 

Finally (47) is equal to 

E E[*^'''[*-^'''^]i E E[^^'''[^-^'''^W' 

A|0<A<1 i A|0<A<a i 

i.e., to the l.h.s. of the identity of Lemma 4.16. □ 

End of proof of Proposition Denote by m Di{u), u i— > D2{u) both sides of (45). 

Then Di,D2 are derivations of L^^g, such that 

Vu(z) G LaQ, Di{zu{z)) = zDi{u{z)) - ^zCg{u{z)). 

Here we view LcrQ as a module over C[z,2;~-^]. Since ©c«er|o<a<i(-^<T0)a generates L^Q as a 
C[^;, ^;~^]-module, it suffices to prove (45) for u{z) G {L„Q)a, < a < 1. 
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We have then zv'{z) = i{v{z)) for any v{z) e (Z/o-g)^, In particular, Cg{u{z)) £ (Lo-fl)^, 
therefore 

(C0 0z^)Kz)) = ((£oC,)0id)Kz)) 

(in fact, one can show that Cg commutes with i). 
On the other hand, Lemma 4.15 imphes that 

[T,uiz)] = -l 5^ ad(m(i,))K^)). 

A|0<A<a 

Finally, we get 

[T,u{z)] + l{C,^z-^){u{z)) 

= -^( E ad(m(tA))0id)K^)) + i((^o ^ &d{m{tx))) id) {u{z)) 

0<\<a 0<X<1 

= [7ct ® 1, u{z)] (by Lemma 4. 16), 
which proves (45). □ 

4.8.1. Infinite dimensional polarized Lie algebras. One checks that the theory of dynamical 
pseudotwists extends as follows. 

Let r be a subset of C. We assume that Z C F, F is stable under the translations by elements 
of Z, and F/Z is finite. We set as before F-t = F n C±. 

Let be a F-graded Lie algebra, g = (B^erQv Here F-graded means that [fly, fly'] C Qv+u' if 
u + p' gT, and equals otherwise. 

Set T := flo- Assume that T is a polarized Lie algebra T = J ® m+ ® m_. The Lie brackets 
induce linear maps Tn+ (g) Tn_ I and ® q^^ ^ I for e F+ — {0}. 

We assume that (a) dim(m+) = dim(m_) and dim(0y) = dim(fl_y) for any i/ e F_|_ — {0}; we 
set d[„ = dim(tn±) and d^ = dim(0±y), and (b) the corresponding determinants € 5'^'" (I) 
and G S'^''{i) are all nonzero. 

These linear maps can therefore be "inverted" and yield pm € m+ (E) tn_ (g) S' {t)[l/ D_^], 
® S' (£)[l/i2y], such that pm + Z]i/er+-{o} ^ formal solution of the CDYBE. 

Let Dm,Dv be lifts in {/(I) of D^^,Dj^. We denote by U the microlocalization of f7(l) w.r.t. 
all D„,,D,. 

Let us set u± = m± © (©i/er±-{o}0y)) then U{u±) are F-t-graded algebras with finite dimen- 
sional homogeneous parts. As in Section 2, we can construct 

= E "''^'^ ® ® ^-'i''^ ^ {U{u+), ® C/(u_)_y)§C/, 

such that for any x G Z7(u_)_,y, y G [/(u+)iy, we have 

Y:H{xa^^)£^^H{b^\) = H{xy). 

i 

Here iJ is the Harish- Chandra map U{g) ^ U (1) corresponding to g = I ® u+ © 

Let us set p± = 8 ffiu±. We also set = Ei«f ^ S{b\'"^)S{4'"^^'^^) 5(4''^'^^), then G 
(t/(ii+),y (8) [/(p-)-^)®?/ . Moreover, J := X^,^£r+ belongs to ®yer+ (C/(u+)y®C/(p_)_y)®C/, 
and satisfies the identity 

jl2,3,4 j2,3,4 _ j2,3,4 ji,2,34 

in ffii/,iy'gr+(C^(u+)y ^ t/(fl)i/'-L/ <S) C/(p_)_y/)(g)f7. Here © means the direct product. 
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4.8.2. The ABRR equation in the infinite dimensional case. Assume that g is equipped with 
a nondegenerate invariant pairing of degree 0, ( — ,—), such that (I, m±) = (tn±,m±} = 0. Let 
s G m+ (8) tn_, t„ GQv 0_y and G S^(J) be dual to this pairing. 

Then the analogue of the normally-ordered ABRR equation (15) is 

This is an identity in U{q)^'^§iU. 

Moreover, the component Jo of J coincides with the twist J|° corresponding to the nonde- 
generate polarized Lie algebra go = 6 ® Tn+ ® ni_ . 

4.8.3. Let us return to the setup of Section 4.7.1. Assume that q'^ is polarized and nondegener- 
ate, g'^ = t©m+®m_. Thcnwcsct! = tffiSpan(fc,l,d, 5). Theng = e^ergi/, go = *®nT+ em- 
is an example of the situation of Sections 4.8.1, 4.8.2. 

4.8.4. The algebra U. We have S'-(!) = S'it) ® S'iCk ffi CI) ® S-{Cd®CS). 

Let G S"^"'(t) be the determinant corresponding to the nondegenerate Lie algebra [ = 
e e m+ e m_, then D^ = D^^1<S,1. 

Let us now describe when v € r+ — {0}. Let us set dg := dim(g). Then _D„ is an element 
of S"*" {t ® Ck) C S'^o (1), of the form {nk^o + polynomial of partial degree < dg in k. So D^^^ is 
nonzero. 

Let Dm, Di, be lifts of D^m,D^j^ in U{i), let U be the corresponding microlocalization. 

Let Ut (resp., U(^cd®cs) be the microlocalization of [/(£) (resp., U {i (B Cd (B CS)) w.r.t. 
Then the form taken by the allows us to embed U in Ui(^cd®cs{{^/k))- We will still denote by 
.^theimageof i^inf/(g)®2gt^jgjCdeo((l/fc)); actually, belongs to {U{u+)^U{p-)[l/k])Wt, 
where p_ = (4 © Ck) ® u_. 

4.8.5. The affine ABRR equations. Wc have a morphism tti : C/(u+) — > U{g), taking a{x) S 
{Lcr2)a to a(0) (recall that a > 0), a G m+ to a, fc to 0, 1 to 1. 

If 7' G Z{V), we also have a morphism ttJ : J7(p-) U{g) C[z°',a G C,log(2)], taking 
af{x) G (icrg)a to a (8) /(a;) (recall that a <0), a G m+ to a (8) 1, a G [to (a — (7', a)) (8> 1, A; to 
0, 1 to 1. 

Set J(z) (7ri®7r-'^-(8)id)(J). Then J(z) belongs to [/(0)®2g;7j((i/fc))[[0«, a G C+]][log(z)]. 
Here A[[z'',ae C+]] = A[^«,a G D][[z]] (D is defined in Section 4.2). 

The ABRR equation is an equality in U{g)®'^^Ut{{l/k)). We have (ttJ^- <^T^i){T,^>ot^) = 
—X{z). Moreover, 

{tt--^- ®7ri®id)([^m(t.)(2), J]) = [Am{t:)^^\j{z)], 

SO the image of ABRR by tt J'''" (8) tti id is 

- k^'h^ = {X{z) - sY-'j{z) + [tf' + im(i,)(2) - ^^'\j{z)], (49) 

where 7 = ^{s). Moreover, the constant coefficient of J{z) is Jo = Jj. These conditions 
determine the series J{z) uniquely. 

Set K = -l/fc(3), then G{z) is a solution of (34) iff G(^).2-«(*^'+5™(t«)'''-7<'') is a solution 
of (49). 

Let us write Jf{z) = J{z). We then have \E'j = lim^^i- (1 — z)~'^* ' J^{z). The composition 
formula implies that Jf{z) = r]{Jf{z))Jl, therefore = ??(*f)Jj'. 
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We can now reprove Proposition 4.10, 1) as follows: we have 

r?(*«) = ^tiJlr' = lim (1 - z)-'^*'-'j^{z){Jl)-\ 

now g{z) := Ji{z){Jl)~^ is such that g{0) = 1, and (thanks to the ABRR equation for Jj) 



It follows that ?7(^'f ) is the renormalized holonomy from to 1 of (35), i.e., 'I'tj.g- 

The theory of infinite dimensional ABRR equations also underlies the systems (36,37) and 
(42,43). Indeed, set J{z,u) := (tti $$^71^7' tt "Jf (g) id)(j[2l), then the multicomponent ABRR 
implies that J{z, u) satisfies the equations 

z^ =«(x(z)i'2 + X{z/uf'' - s''' - s''' + tY + ^m(t()(2) - 7'^)) J(z, u) 
- kJ{z, u)(if + tl'^ + ^m{h)^^^ - 

=«(X(«)1.3 + Xiu/Zf'^ - _ ,2.3 ^ ^3.4 ^ 1 „(ij)(3) _ ^(3) j 

-/^J(z,u)(i?'^ + ^m(t()(3)-7(')), 

so that J{z, u) satisfies this system iff it has the form G{z, „)^«(*?'^+t?'''+5™(*e)'"-7'^')„«(«?'*+im(tt 
where G{z,u) is a solution of (42,43). 

The compatibility of the systems (36,37) and (42,43) is the image by tti ® t^^-' ® '^u-^ ® ^'^ 
of the compatibility relations for the multicomponent ABRR equations (Proposition 2.27). 

Remark 4.17. If 7' is an element of Z{V), and J-y'iz) is the analogue of J{z), where — 7^ is 
replaced by 7' — 7^, then Hm^^i- (1 — z)"*** ' J-y'iz) coincides with ^'k,7', as defined in Section 
4.6. The ABRR arguments of this section can be modified to provide other proofs of the 
statements of Section 4.6. 

5. CAYLEY r-MATRICES 

Proposition 0.3 follows from Proposition 0.4. Let us prove this proposition. It will be enough 
to treat the case c = 1. We set pc ■= Pc,i- 
Setp((A) :=(/(ad(A^))®id)(it), 

. /(C + id) + e-2""d(A-)((^_id) . N , , 
^u(A) := ^H (C + id)-e-2^-a.(.v,;^_.,; « ) it.). 

Then pc = pi + Pu- We want to prove that CYB(p[ + p.) - Alt(d(p[ + pu)) = -tt^Z. We have 
Z = Z[ + + Zu, where Z[ = [^^^^^% = Alt([^['^^^3]-)^ ^ (idOpu (8)id)([^i■^^S''']), 
where : g ^ u is the projection on u parallel to [. 

Applying [AMI] to the quadratic algebra ([, we already have CYB(p[)— Alt(d pi) = — 7r^Z[. 
It remains to prove that 

CYB(p,, p„) + CYB(p„) - Alt(dpu) = -7r^{Zi,u + Z.). 

Both sides of this equality belong to A^{q) = (Ba=o (0 ® A^~"(u). Since the equality already 
holds when projecting it on the components a = 3 and a = 2, it remains to prove its projection 
on the components a = and a = 1. 

The projection on the component a = is the equality 

Altop^^\[pl'\X),pl'%X)]+n'[ti'\tl'^]) = 0, (50) 



QUANTIZATION OF CLASSICAL DYNAMICAL r-MATRICES WITH NONABELIAN BASE 35 



and the projection on the component a = 1 is 

p['\[pl''w,pl''m + [pI'''w,pI''w] - idpuix)f''''+Ati'\ti-'] = 0. (51) 

To prove (50), we apply to it ((C + id) - e-^""' {C - id))®^ We get 
(((C + id) - e-2'^'*d(A^)(^ _ i^j)^ ^ ^ i^j) ^ g-2,riad(A^)(^ _ j^j^^^s _^ ^^^^.^ permutation 

+ ((C + id) - e-2--<i(A-)(^ _ id))®3)(z„) = 0, 

i.e., 4((C + id)®3 _ ^^-^^i ^{x'' ) - id))®3)(2^^) = o, which follows from (C + id)®3(^„) = 
(C — id)®^(Zu), which follows from the assumptions on C. 

Let US now prove (51). Let us apply to it id(8)((C + id) - e-2'^»'*d(A^)((0 _ id))®^, we get 

7r2(id0((C + id) + e-2--<i(^")(^7-id))^')([^^^^2'3]) (52) 

+ ^2 (id. 55 ((C + id) - e-2--<i(AV)(^ _ j^j)^ 552^1 ([^1,2^^2,3]) 

- ^7^(e2--d(A-))(2)((^ ^ _ g-2x<ad(A-)(^ _ jj))(2) ^ ^^(^ ^ ^ g-2.^ad(AV)(^ _ id)) ^'^t^^S)) 
+ Z7r(e2-'^d(^'))(2)((C + id) + e-2-ad(A-)(^ _ jj))(2) ^ ^ _ g-2.^ad(A-)(^ _ id)) (^2,3^^ 

+ i.(i<i«((c + id) - <-.(c - ic))-)([.;-»(A), ( g:;^!::::::;::;;g:g )'"fe')i) = o. 

i.e., 

27r2 (id -C^) ( [fP, f2,3] ) _ ^^(g2.i ad(AV ) ^ (2) (^2 _ ^^^(2) ^ j^(g-2.i ad(AV) ^ (2) (^2,3^^ 

+ last line of (52) = 0. 

Now 
last line of (52) 

= iTT ( id ® (C + id +6-2'^' ^i^^)(C - id)) (C + id a<i(A^) - id)) ) ( [p[ (A), tl'^] ) 

- iTT ( id ((7 + id ad(A^) _ id)) ^ (c + id +e-2^' ad(A^) - id)) ) ( [p^ (A) , tl'^] ) 

= -2z^(id®(C + id)®2 _ id0(e-2-ad(AV)(^ _ ij))®2^j ^j^l,2^^^^ ^2,3]) 
= -2z^(id -C2)(2) (1 _ id ®(e-2--d(AV))«2) ([^1,2^;^)^ ^2,3]) ^ 

which follows from the CDYBE identity for the Alekseev-Meinrenken r-matrix for {Q,t), re- 
stricted to A e r and projected on [ (gi A^(u). □ 

6. Quantization of homogeneous spaces 

In this section, we show that the (pseudo)twists constructed in Sections 2, 3 and 4 enable us 
to quantize (quasi) Poisson structures on homogeneous spaces. 

6.1. Quantization of coadjoint orbits. Let g = [ ® u be a Lie algebra with a splitting; we 

assume that g is nondcgenerate. Let G be the formal group with Lie algebra q, and L C G 
the subgroup corresponding to [ (with suitable restrictions, the following constructions may be 
extended to other categories, like algebraic or complex Lie groups). 

Let Do : 1* — ^ C be the determinant corresponding to g = [ © u. The dynamical r-matrix, 
rf{X), enables one to define a Poisson structure on ([* — Dq ^(0)) x G. The group L acts on this 
space by Poisson automorphisms, and the moment map is the projection on the first factor. 
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According to P. Xu, a dynamical twist quantizing rf (A) yields a quantization of this Poisson 
space. 

Let X G [* be a character of I Then L C Stab(x), where Stab(x) := {g S G\ Ad*{g){x) = x}- 
Let C 0* be the coadjoint orbit of x- Then we have a natural G-map G/L ^ G/ Stab(x) = 
O^, taking the class of g to Ad*(5)(x). 

Let us further assume that -Do(x) 7^ 0- Then we have L = Stab(x), so G/L ^ is an 
isomorphism. The assumptions on x imply that (x) S A^(0) is well-defined and [-invariant. 
This implies that the bivector R(rf (x)) on G (R denotes the translation from the right) descends 
to G/L, and that it equips G/L with a Poisson structure. Moreover, the map G jL ^ is 
Poisson (this is an observation of J.-H. Lu). 

According to Remark 1.6, we may extend hr^x to a character of J7[, since I?o(x) 7^ 0) 
therefore (id(8) id ®h^^x){J) is well-defined; it coincides with J(x) as defined in Section 1.4, and 
belongs to C/(fl)®2[[fi]]. It satisfies J{xY^^^J^^^x + l^^^) = JixV'^^ J{x?-^ ■ Here J^^^{x + l^^^) 
has the usual meaning, and its action on f ®g®h is the same as that of J{x)^''^ if h is [-invariant. 
This relation implies that one can define a G-equivariant star-product on G/L by the formula 
f -^f g = m{'R{J{x)){f ® .9)) (where R stands for right translations), quantizing the Poisson 
structure on G/L described above. 

By virtue of the results of Section 2, these considerations allow us to get equivariant star- 
products in all nondegencratc polarized cases. In the polarized quadratic case, J(x) satisfies 
the equation (derived from ABRR) 

^'■V(x) = [(im(tO + h-hrix) lf\jix)]. 

In the reductive case, this quantization (which yields an explicit equivariant star-product for 
all semisimple coadjoint orbits) has been obtained by Alekseev-Lachowska ([AL]) and Donin- 
Mudrov ([DM]). 

6.2. Quantization of Poisson homogeneous spaces. Let fl = [©u be a Lie algebra with a 
splitting, such that g is nondegenerate. We assume that g is quadratic, i.e., we have t G S^{g)^. 
Let c be a complex number. 

The dynamical r-matrix Pc{X) (see Corollary 0.2) can be used to equip U x G with the 
structure of a quasi-Poisson homogeneous space imder the pair (G, t) ([AKM]). Here U = {X € 
[*| ad(A^) has no eigenvalue of the form n/c, n a nonzero integer, and Dq{X} ^ 0}. Let x € 1* 
be a character of I, and assume that x ^ U. Then G/L is equipped with a quasi-Poisson 
homogeneous space structure under {G,t), given by the bivector 11^ = R(/9c(x))- These quasi- 
Poisson structures may be viewed as trigonometric versions of the Poisson structures of Section 
6.L 

A quantization J of Pc{X) gives rise to a quantization of ?7formai x G (in the sense of [EE], 
Section 4.5), where t/formai is the intersection of U with the formal neighborhood of G [*. 

Moreover, if J(A) is regular at X) then it can be used to construct a quantization of this 
quasi-Poisson space, according to the formula 

/*,g = m(R(J(x))(/®,g)). 

(Recall that we do not know a quantization of Pc in the nonpolarized case, even if c = 0.) 

Assume now that fl is polarized, i.e., u = u+ ® u_ and t = t[ + s + s^'^ , with t[ G S^{1), 
s G u+ (Xi u_. Then J(A) has been constructed in Section 3, and if we take $ — <I>^^, J(A) is 
regular on an explicit neighborhood of (see [EE]). This yields a quantization of J/formai x G/L 
and of (G/L,n^) for characters x in this neighborhood. 

Let g G fl*^^ be a quasitriangular structure on g, i.e., g + g'^'^ = t and CYB{g) = 0. Let 
(G, (R— L)(g)) be the corresponding Poisson-Lie group. We have CYB{TTic{g — g'^'^)) = —n^c^Z 
(equality in A^(g)) and CYB(pc(x)) = -tt'^c^Z (equality in A^{q/1)), where Z = [t^'^,t^'^]. 
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Therefore G/L, equipped with the Poisson bivector 11^.^ := —'L{TTic{g — g'^'^)) + R(/9c(x))j is a 
Poisson homogeneous space under (G, (R — 'L){g)). (Here L stands for left translations.) 

A quantization of the Poisson homogeneous space {G/ L,Ilg^yJ may be obtained as fol- 
lows. According to [EK] (in the reductive case, [Dr2, ESS]), there exists a pseudotwist Jek G 
C/(s)®2[[/i]] quantizing g, i.e., J^k^J^k = ^(^^'^ i^'^)"^4K^'^EK- Then the star-product on 
G/L is defined by the formula 

f*g = m{K{J{x)MJ^K)if^9))- 
This quantization is equivariant with respect to the quantum group J7(fl)"^'^^ (^^(fl) twisted by 
Jek)- 

In the case when G, L are reductive, the homogeneous spaces we considered include generic 
dressing orbits of G, and we get their quantization equivariant under the quantum group Uq{g). 
A different way of quantizing such Poisson (and quasi-Poisson) homogeneous spaces was pro- 
posed in [DGS]. 

6.3. Quantization of Poisson homogeneous spaces corresponding to an automor- 
phism. Let us assume that {Q,t G S'^{g)^) is a quadratic Lie algebra, equipped with a e 

Aut(g,t). We set ( := g*^ and assume that cr — id is invcrtible on q/q'^. 

As above, the dynamical r-matrix Pa,c{^) can be used to equip G/L with a structure of a 
quasi-Poisson homogeneous space of the group (G, —n^c^Z) (where Z = [t^'^,t^'^]). Namely, the 
quasi-Poisson bivector on G/L is given by the formula H = R(/9o-,c(0)). We will set c = l/(27ri), 
therefore 

n = R(2(^— ^®id)(tu)) 

The dynamical pseudotwist ^'k provides a quantization of this quasi-Poisson structure. Namely, 
set *k(0) := (id(8)id(g)e)(\E'„). The non-associative star-product on G/L (which is associative 
in the representation category of Drinfeld's quasi-Hopf algebra) is given by the formula 

f*g = m{R{^,{0)){f<S>g)). 

Let g G g®^ be a quasitriangular structure on g, i.e., g + g"^'^ = t and CYB{g) = 0. Let 
(G, (R — L)(p)) be the corresponding Poisson-Lie group. Since CYB(^^) =Z/4 (in A3(fl)) 
and CYB(pct,c(0)) = Z/4: in A^(fl/l), we have a Poisson homogeneous space G/L under (G, (R — 
L)(^)), with Poisson bivector 

n = -L(^^) +R(i(^ ® id)(M)- (53) 

The above construction yields a star-product quantization of this Poisson homogeneous struc- 
ture. Namely, the star-product on G is defined by the formula 

/*5 = m(R(*«(O))L(J-i)(/0p)), 

where J is a pseudotwist quantizing g (e.g., J = Jek)- As in Section 6.2, this quantization is 

equivariant under the quantum group U{q)'^. 

6.4. Relation to the De Concini homogeneous spaces. Recall that according to Drinfeld 
[Drl], if G is a Poisson-Lie group and L is a subgroup, then Poisson homogeneous space struc- 
tures on G/L correspond to Lagrangian Lie subalgebras f) C D{q) of the double of g such that 

n f) = [. 

C. De Concini explained to us the following construction of Poisson homogeneous spaces. Let 

g be a factorizablc quasitriangular Lie bialgcbra. This moans that g is a Lie algebra, g G g®^ 
is such that CYB(g) = 0, and t := g + g"^'^ G S^{q)^ is nondegenerate. Assume also that 
a G Aut(0, t). Then D{q) is isomorphic to 0®g, with bilinear form given by {{xi,X2), (2/1,2/2)) = 



38 



BENJAMIN ENRIQUEZ AND PAVEL ETINGOF 



(xi , yi) — (a;2 , 2/2) • The graph () of cr is a Lagrangian subalgebra of ©g, which induces a Poisson 
homogeneous space structure on G/L — GjG" . 

Theorem 6.1. The construction of Section 6.3 yields quantizations of all the De Concini 
homogeneous spaces, such that u is invertible on fl/fl'^. 

Proof. The Drinfeld subalgebra f) C D{q) corresponding to a Poisson homogeneous space 
(G/L,n) is defined as 

() = e ffi 0*|e e r and x=i^(g> id)(n(0)) modulo [}, 

where 11(0) G ^^{q/^) is the value at origin of 11. In the case of the Poisson structure (53), 11(0) 
is equal to the class of P in A^(f|/I), where 

„ Q — Q^'^ 1 ,. , cr + id, , , 

P = + :j id® TT tu , 

2 2 cr — id 

therefore f) is the image of the linear map I © u* ^ fl©0*, (a;,0) 1— > {x,x), (0,^) 1-^ (a;(^),^). 
Here a;(0 = (^(8)id)(P). 

Let us set L{a) := {id(E)a){g) and R{a) := {a (8) id){g), for a E g*. If ^ e u*, then 
(C O id)(iu) = (C id)(i), therefore (L + E)(0 e u for any ^ G u*. If follows that x{S,) = 
liR-Lm + l^o{L + Rm. 

According to [RS], the isomorphism D{q) — > g © g is given by (a, 0) {a, a) and (0,0;) 1— > 
(-i?(a),L(a)). 

Let us view f) as a subalgebra of g ® g using this isomorphism. Then f) is the image of the 
linear map [ © u* — > g © g, {x,0) >->■ {x, x) and 

(^, 0) - (xi^) - Ri^), x{^) + L(0) = o {L + Rm, ^ o (L + ii)(0) . 

Since the image of u* — > u, ^ 1— > (L + ii)(^) is exactly u, and cr — id is invertible on u, i) is the 
image of [©u — > g©g, (a;,0) i-> {x,x) and (0,y) i-> {y,a{y)), i.e., {(^, cr(^))|^; e g}, i.e., f) is the 
graph of cr. □ 

Remark 6.2. It is useful to describe 5'k(0) directly, since this is the only information about 
needed in Theorem 6.1: ^I'k(O) is the renormalized holonomy from to 1 of the differential 
equation ^ = k(X(^)1'2 + ^m{t()^^^)G{z). 

6.5. Poisson homogeneous spaces corresponding to a Cayley endomorphism. Assume 

that = [ © u is a Lie algebra with a splitting and a factorizable structure, such that t = 
t\ © ^ui G 'S'^(j) for J = and C G Endi(u) is a Cayley endomorphism, such that (C (8) 
id + id(8)C)(iu) = 0. Then ^ C g © g defined by 

[, := [diag ® g u X u|(C + id)(a;) = (C - id)(y)} 

is a Lagrangian subalgebra. generalizing De Concini's subalgebras (here l'^'''*'^ = {{x^x)\x G 1}). 
It gives rise to a Poisson homogeneous structure on G/L. A quantization of the dynamical 
r-matrices of Proposition 0.4 should lead to a quantization of these homogeneous spaces. 

An example of this situation is: g is semisimple, with Cartan decomposition g = t©n+ ©vi- 
and the corresponding standard r- matrix g; w \s & Weyl group element; [ = t, u = n+ © n_; 
C has eigenvalues ±1 on w(nzp) (i5(n±) is independent on the choice of a Tits lift of w, so we 
denote it w(n±)). Then 1) = {{h + x^ ,h + x^)\h G t, a;± G w{n±)}. The corresponding Poisson 
homogeneous structure on G/T is given by — L(£i) +R(w®^(£»)) (if y is a g-module and v & V is 
a vector of weight 0, w{v) is independent on the choice of w and is denote by w{v)). In this case 
a quantization can be obtained using the formula f^g :— to(L( J~^)R(w®^( J))(/(g)(7)), where J 
is a pseudotwist quantizing q. Another quantization is given by f*g = mfi{'R{Jyj){f^g)), where 
/, 5 e f/ft(g)* and mn is the product in Uh{q)*, and Jy, G Uh{q}^'^ is such that T®^ o A o T'^ = 
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Ad(Jtu) o A, where A is the coproduct of the Drinfeld-Jimbo quantum group [/^(fl) and is 
a Lusztig-Soibelman automorphism corresponding to w. 

The following fact implies the equivalence of both quantizations. 

Proposition 6.3. w®^(J) and JwJ are gauge-equivalent pseudotwists quantizing 

Proof. Recall the construction of J: let $ be a Drinfeld associator, $g its specialization to 

(g,f). Then J is a series J$(£i), such that c?( J) :— (J^^^J^^^^)"^ J^'^J^^^^ = <I>g. Since satisfies 
the twist equation, we have d{JwJ) = ^g- On the other hand, (i(w®^(J)) = = So 

w^'^{J) and JwJ are pseudotwists quantizing w^^{q). 

Let us now show that they are gauge-equivalent. Let us still denote by the automorphism 
of C/(fl)[[?i]] obtained by transporting Tyj by the isomorphism /7(fl)[[/i]] ~ The reduction 

mod h of is a Tits lift of w, which we denote by w. Then Tyj o is an automorphism 
of C/(0)[[?i]], whose reduction modulo ft is the identity, hence is inner (as g is semisimple). Let 
u e J7(fl)[[ft]], u = l + 0{h), be such that T^ow-'^ = M(u). 

Let Ao be the undeformed coproduct of C^(0)[[ft]]- Set Ji = JwJ, J2 = w^-^{J). We have 
Ad(Ji) o Ao = T®2 o Ao o T-\ Ad(J2) o Ao = w^^ o Ao o w-\ so 

Ad(Ji) o Ao = Ad(u)®2 o Ad(J2) o Ao o Ad{u)-\ 

therefore Ji = u^'^J2Ao{u)~^^, where ^ G has the form 1 + 0{h) and is g-invariant. 

We now prove inductively that ^ = exp(d(?7)), where r] £ ft(C^(0)®^)®[[ft]] and d{i]) = Ao(r?) — 
?7 (g) 1 — 1 (g) 77. Assume that we have found r/i, . . . ,?7„_i in U{g)^, such that = exp(d(ft?7i + 
• • • + ft"-ir/„_i))(l + 0{ff)). Then set u' := uexp(-(ft?7i + • ■ • + ft""ir]„_i)). We get Ji = 
(u')®V2Ao(w')-iC', with f e (C^(fl)®^)^[[^]] has^he form^ 1 + 0(ft"). Let 61 e (J/lfl)®^)^ 
be such that C = 1 + + 0(ft"+i), then since rf(Ji) = jaAoCu')"^): we get d(^„) = 

^i^'^-^i''^^~£,n^+^n^ 0. Since the cohomology group involved is A^(g) and since A^(g)s = 0, 
we get = d(?7„), with ri„ G [/(g)^. This proves the induction step. 

Now let T] := X]j>ift*??i. We get Ji = (we"'')^^ J2Ao(Me"'')"\ therefore Ji and J2 are 
gauge-equivalent. □ 
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